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thickness q. For a certain range of q, we calculate these cohomology groups 
as modules over A/'q and obtain explicit formulas for the 6q(I]). The range 
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1 Introduction 

Suppose {W, S) is a Coxeter system. (The precise definition will be given 
in Section [2j For now, it suffices to say that W is a, group and 5 is a set 
of involutions which generate W .) Associated to {W,S) there is a certain 
contractible simplicial complex S on which W acts properly and cocompactly. 
(The definition of S can be found in [I2l[l4l[l6l[17l[20l[36], as well as in SectionE] 
below.) Let i : S ^ I he a function to some index set / so that i{s) = i{s') 
whenever s and s' are conjugate. Given an /-tuple q = {qi)i^i of positive 
real numbers, the second author [27] defined certain "weighted -cohomology 
spaces, " here denoted L1J-C'{Ti). The weighted L^-cochain complex, LqC*($]), 



is a subcomplex of the complex C*(S;R) of ordinary cellular cochains. It 
consists of those cochains which are square summable with respect to an inner 
product defined via a weight function depending on the multiparameter q. As 
we explain in Sections [5] and [71 to each of the Hilbert spaces Lq'H*(S) one can 
attach a "von Neumann dimension." It is a nonnegative real number, denoted 
6q($]) and called the i*^ L^-Betti number of S. 

Our principal interest in the weighted L^-cohomology of S lies in the fact that 
it computes the L^-cohomology of buildings of type {W,S). Here q is an I- 
tuple of positive integers called the "thickness vector" of the building. (So, for 
buildings, only q with integral components can occur.) 

The theory of the weighted L^-cohomology of S is closely tied to several other 
topics, for example, growth series of Coxeter groups, decompositions of "Hecke 
- von Neumann algebras" and the Singer Conjecture. Moreover, as q goes 
from to oo, Lq'H*(S) interpolates between ordinary cohomology and coho- 
mology with compact supports. For these reasons, we believe that the study of 
weighted L'^ -cohomology of Coxeter groups has intrinsic interest, independent 
of its connection to buildings. 

Let t : = (ti)ig/ be an /-tuple of indeterminates. Write tg instead of . If 
si • • • Sfc is a reduced expression for an element w £ W , then the monomial 
tw '■ = tg-^ ■ ■ ■ tg^, is independent of the choice of reduced expression for w. The 
growth series for W is the power series in t defined by 

W{t):= ^ t^. 

It is a rational function of t ( [5l [38] ) . We give several explicit formulas for it 
in Lemma 13.31 of Section [3l (In the case where I is a singleton, so that t is a 
single indeterminate t, we have = t'^*"), where l{w) denotes the word length 
of w. So, in the case of a single indeterminate, W{t) = is the usual 

growth series.) 

Let R(^) denote the vector space of finitely supported, real-valued functions 
on W and let {ew)wew be its standard basis. 

As we explain in Section [H associated to each multiparameter q, there is a 
deformation of the group algebra of W called the "Hecke algebra" (or sometimes 
the "Iwahori-Hecke algebra" ) of W . We denote it by Rq [W] . When q = 1 
(the /-tuple with all components equal to 1), Rq[I^] is the group algebra of 
W . (No matter what q is, the underlying vector space of Rq[W^] is always 

rW.) 
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Also associated to q, there is an inner product ( , )q on R^^^ defined by 
{^WT^w')(\ = Qw^ww' where Syjw' is the Kronecker delta. The completion of 
R,(^) with respect to this inner product is denoted Lq(W) or simply Lq when 
W is understood. Lq is an Rq[Ty]-bimodule. There is an anti-involution 
on Rq[PF], denoted by x — > x* and defined by (6^^,)* := e^-i. Moreover, 
{yx,z)q = {y,zx*)q, i.e., right translation by x* is the adjoint of right transla- 
tion by X. As is explained in [27] and Proposition 15. II below, this makes Rq[VF] 
into a "Hilbert algebra" in the sense of Dixmier [24J. It follows that there is an 
associated von Neumann algebra Mq acting on Lq from the right. It can be 
defined as the algebra of bounded linear operators on Lq which commute with 
the left Rq[VK] -action. AAq is the Hecke - von Neumann algebra associated to 
q. (AAq is a completion of Rq[PF] acting from the right on Lq.) As in the 
case of a von Neumann algebra associated to a group algebra, AAq is equipped 
with a trace which one can use to define the "dimension" of any Rq [W] -stable 
closed subspace F of a finite direct sum of copies of Lq . 

Suppose W acts as a reflection group on a CW complex U with a strict funda- 
mental domain Z . Assume further that for each s & S there is a sub complex 
Zg Z , called a "mirror" of Z , so that s acts on U as a reflection across Zg ■ 
Then U is formed by gluing together copies of Z , one for each element of W . 
In other words, U = {W x Z)/ ~, where the equivalence relation ~ is defined 
in an obvious fashion. (See Section[6l) The complex E can be described in this 
manner: the fundamental chamber for on S is denoted by K instead of Z . 

CKU) is the space of finitely supported, real-valued, cellular i-cochains on 
U . For each oriented i-cell a oi U , let be its characteristic function. So, 
{eo-jo-Gli-ceiis} is a basis for Cl{h() . As in [27], there is a definition of an inner 
product on Cl{U) similar to the definition of ( , )q on R*-^-*. The form 
an orthogonal basis; however, the norm of need not be 1. Instead, one uses 
q to weight the inner product so that {ea,ea)q = Qw, where w is the shortest 
element of W such that a C wZ . Let L'^C^iU) denote the completion of CliU) 
with respect to this inner product. 

As explained in [27], as well as in Section [71 L^^C^ilA) can be identified with a 
Rq [Vr] -stable subspace of ©Lq. The coboundary maps are Rq[VF]-equi variant. 
So, the (reduced) cohomology group Lq'H*(^) is a closed Rq[VF] -stable sub- 
space of ©Lq and therefore, has a well-defined von Neumann dimension, b]^{U) . 
The alternating sum of the 6q(Z^) is denoted Xq(^) and called the L'^-Euler 
characteristic oi lA . It is proved in [27] (and in Proposition 17. 4p that Xq(5^) = 
1/W{q). (Recall W{t) is a rational function.) Moreover, the Betti numbers 
b^q{U) are continuous functions of q (Theorem 17. 7p . 
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Let TZ denote the region of convergence of W{t) and let 

: = {q I q-l G 

where q^^ : = {q~^)iei ■ The closures of these regions are denoted TZ and TZ^^ , 
respectively. (When / is a singleton, we write q instead of q and t instead of 
t. In this case, W{t) is a power series in one variable. As such, it has a radius 
of convergence p and TZ = (0,p).) 

The main result of this paper, Theorem 110.31 is a calculation of L^Ti^iU) (as 
a A/'q-module) for q G 7?. U TZ~^ . It also gives a formula for the 6q(^) in this 
range of q. Roughly speaking, the answer is that for q G 7^, L'^^*{U) looks 
like ordinary cohomology while for q G TZ~^ , it looks like cohomology with 
compact supports. Before stating the result precisely, we need to set up some 
notation and recall some background. 

Given T C S", the subgroup Wt generated by T is called a special subgroup. It 
is also a Coxeter group. The subset T is spherical if Wt is finite. Let S denote 
the poset of spherical subsets of S. Given an element w G TV, set \ii{w) : = 
{s G S \ l{ws) < l{w)} , i.e., ln{w) is the set of letters in S with which a reduced 
expression for w can end. It turns out that for any w £ W , ln{w) is always 
a spherical subset of S. For each T G 5, let W'^ := {w W \ ln{w) = T} 
and let Z(W'^) denote the free abelian group of finitely supported functions on 
W"^ . For any U C S , denotes the union of those mirrors Zg , with s £ U . 

(a) The homology of U is computed in [T3]. The answer is 

H^{U) ^ H^{Z, Z^) Z{W^). 

(This implies, in particular, that S is acyclic.) The answer for cohomol- 
ogy is similar, except that it is necessary to replace Z(W'^) by the abelian 
group of all functions W'^ Z . 

(b) The cohomology with compact supports of U can be computed as in [14] . 
The answer is 

H*{U) ^ H*{Z, Z^-^) Z{W^). 
Another proof of the formulas in (a) and (b) is given in |18|. [TT] . 
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Given U C 5 , in Section [5l we define idempotents au and hu in AAq by 

^ ' weWu 

where e^^ : = (—!)'("') . These idempotents are defined provided q G TZjj in the 
case of au and provided q G ^Z^^ in the case of hjj . {TZjj denotes the region 
of convergence for Wu{t).) Let Ajj C Lq stand for Imajj if q S TZjj and for 
the 0-space, otherwise. Ajj is a closed Rq [VF] -stable subspace of L^. Another 
closed Rq [14^] -stable subspace is defined by 

Du : = As-u n ( Yl "^s^y 
vcu 

(Throughout this paper we will denote inclusion of a subset by C and use C 
for inclusion of a proper subset.) 

Here is the precise statement of our calculation of Lq-cohomology. (Compare 
it with statements (a) and (b) above.) 



The Main Theorem (Theorem 110.31 in Section [T0|) 
(a) IfqGTZ, then 

L\n*{U) ^ H*{Z, Z^) Dt. 



(b) If q e 7^-l, then 

Lln*{U) ^ H*{Z, Z^-^) ® Ds-T- 
Tes 

(To compare this with the previous answers for ordinary cohomology and co- 
homology with compact supports, we note that, by Theorem 111.21 for q G 
TZ, {ewhTas-T}w<^w'^ spans a dense subspace of Dt; while for q £ TZ~^ , 
{ewhs~TO'T)}wew'^ spans a dense subspace of Ds-t-) 
The proof of the Main Theorem depends on the following result. 

The Decomposition Theorem (Theorem 19.111 in Section [9]) 
(a) Ifqen, then 

T&S 

is a direct sum decomposition and a dense subspace of Lq. 
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(b) If q G 7^-^ then 

is a direct sum decomposition and a dense subspace of Lq. 

In the case when W is finite and q = 1 (i.e., when the Hecke algebra is the group 
algebra) a similar result was proved by Solomon [39] in 1968. In Section [TT] we 
give a version of the Decomposition Theorem (namely, Theorem lll.ip which 
is more transparently a generalization of Solomon's Theorem than the version 
stated above. The Decomposition Theorem is also compatible with the theory 
of representations of Hecke algebras developed by Kazhdan-Lusztig [19] (cf. 
Remark lll.4p . 

Although the Main Theorem is a consequence of the Decomposition Theorem, 
our proof of the Decomposition Theorem ultimately is based on a special case of 
the Main Theorem from [27j. The result of p7] states that, for q € 7^, the Lq- 
homology of S vanishes except in dimension 0. (N.B. To calculate homology, 
Lq'H*(S) , from LqC*(S) one does not use the usual boundary map but rather, 
the adjoint of the usual coboundary map.) In Section[8]we apply this vanishing 
result to show that, for q G 7^, the relative Lq -homology of certain pairs of 
subcomplexes of S vanishes except in the bottom dimension. (These pairs of 
subcomplexes are dubbed "ruins" in Section [6l) For q E 7^, these vanishing 
results are essentially an equivalent version of the Decomposition Theorem. One 
then uses a certain isomorphism j : AAq — > AAq-i to convert the statement of 
Decomposition Theorem for q£ TZ into its statement for q G TZ~^ . 

The key role played by the case q G 7^ in this sketch of the proof is probably 
the most compelling reason for studying weighted -cohomology with q an 
/-tuple of arbitrary positive real numbers. When W is infinite, the vector 
q G 7^ never has all its components equal to positive integers. So, on the face 
of it, the case q G 7?. of the Main Theorem would never seem to be applicable 
to nonspherical buildings. However, because of various dualities (such as the 
j -isomorphism) which switch q with q~^, the results for q G 7^ are equivalent 
to results for q G TZ"^ and these are applicable to buildings. 

For q G TZUTZ^^ , the Main Theorem (in particular, its version as Theorem ll0.4p 
gives a complete calculation of -Lq7^*(S). On the other hand, our knowledge 
about what happens for q ^ 7?.U7^~^ is fragmentary. For example, suppose S is 
an n-manifold. By the Main Theorem, Lq7^*(S) is concentrated in dimension 

for q G 7^ and in dimension n for q G TZ~^ . We note that when S is a 
manifold (without boundary), W is infinite and so, 1 ^ TZUTZ~^ . When q = 1, 
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a version of the Singer Conjecture asserts that the weighted L^-cohomology of 
S vanishes except in dimension ^ . (When n is odd, this is to be interpreted 
as meaning that L^'H*(S) vanishes in ah dimensions.) In [21j the first and 
fourth authors explained some evidence for this conjecture. For a general q, in 
the case where E is a n-manifold, there is a version of Poincare duality which 
exchanges q with q~^ (as well as dimension k with dimension n — k); see |26] 
or Proposition 114. Il below. So, when S is a manifold, knowledge of Lq'H*(E) 
for q < 1 also determines it for q > 1 . In Section [T3] we explain that the 
right generalization of this version of the Singer Conjecture for q = 1 is the 
following. 

Conjecture (Conjecture 114.7]) Suppose T, is an n-manifold. Then 
Lln'^i^) =Ofork>^ and q < 1 . 

In Section [TBI by modifying the arguments of [21] , we prove it in the case where 
W is right-angled and n < 4. In the same section, we give examples where S 
is a 4-manifold and where for certain q ^ TZ{JTZ~^, the L^-cohomology fails to 
be concentrated in a single dimension (it is nonzero in both dimension 2 and 
3.) 

Next, we make a few remarks concerning buildings. Buildings come in different 
types, where the "type" of a building is a Coxeter system {W, S) . In the case 
of a classical building associated to an algebraic group, its type is always a 
spherical or Euclidean reflection group. The simplest example of a Euclidean 
reflection group is when W is the infinite dihedral group acting on the real 
line and S consists of the two reflections about the endpoints of a fundamental 
interval. A building of this type is a tree. (See Example 1 13. II for more details.) 
Many other types for buildings are possible. Most of our interest in this paper 
lies with these nonclassical types. 

Roughly speaking, a building of type {W, S) consists of a set of "chambers" 
and a family, indexed by S, of "adjacency relations" on <I>. An example of a 
building is W itself - the adjacency relation corresponding to s G S" is defined 
by calling two distinct elements of W s -adjacent if they form to the same coset 
of TV^. 

To define the "geometric realization" X of a building, one first declares the geo- 
metric realization of any chamber to be isomorphic to the fundamental chamber 
K of 'E. One then amalgamates copies of K, one for each element of <I>, by 
gluing together chambers corresponding to s-adjacent elements of ^> along the 
mirror corresponding to s. Details of this construction can be found in (15| . 



7 



as well as in Section [T3j (N.B. When W is an irreducible Euclidean reflection 
group, is a simplex and X has the structure of a simplicial complex in which 
the top-dimensional simplices are the chambers; however, in the general case, 
this is not the correct picture of the geometric realization of a building.) 

A group G of automorphisms of a building is chamber transitive if it acts 
transitively on $ . If the building admits a chamber transitive automorphism 
group, then, for any given (po £ ^, the number of chambers which are s- 
adjacent to (po is independent of the choice of ipQ. We denote this number by 
qs, i.e., 

Qs = Card{99 G $ I 99 is s-adjacent to ipo and if 7^ tpo}. 

Moreover, if s and s' are conjugate in W , then Qs = Qs' ■ We assume throughout 
that the building has finite thickness, i.e., that each qg is finite. We then get a 
well-defined /-tuple of integers q : = {qi)i£i , called the thickness vector of the 
building, where / is the set of conjugacy classes in S and where Qi ■= Qs for 
any representative s for i. For example, the thickness vector of W (considered 
as a building) is 1. 

How do Hecke algebras arise in the theory of buildings? Let <I> be a building 
of finite thickness with a chamber transitive automorphism group G and with 
thickness vector q. Fix a base chamber ipQ € ^ . Using the "H^-distance" from 
ipo, one gets a retraction r : ^ ^ W. Let Cc($) denote the space of finitely 
supported, real- valued functions on <^ . It is an algebra with product given by 
convolution. Consider the subspace J C Cc($) consisting of those functions 
which are constant on the fibers of r. It is a subalgebra. As a vector space, 
J can be identified with R^^) ; however, the product is not the usual one for 
the group algebra. As the reader has probably guessed, J is identified with the 
Hecke algebra Rq [W] , where the multiparameter q is the thickness of <I> . 

Let X denote the geometric realization of the building <I>. The retraction 
r : $ — > induces a topological retraction X — > S, which we continue to 
denote by r. This induces an inclusion r* : C*($]) — > G*{X) of (finitely 
supported) cellular cochains. The standard inner product on C*{X) restricts 
to the inner product ( , )q on C*(S). In this way, Lq'H*(S) is identified with 
a subspace of H*{X), the ordinary reduced L^-cohomology of X . 

Since $ has finite thickness, G is locally compact and hence, has a Haar measure 
fj,, which we normalize by the condition, /i(-B) = 1, where B denotes the 
stabilizer of a chamber. Given /i, we have the Hilbert space L'^{G,fi) of square 
integrable functions on G and a von Neumann algebra M{G). Since 7i^{X) is 
an AA(G) -module, it has a "dimension" with respect to M{G). This number 
is called the z*^ Lp' -Betti number and denoted U{X;G). It is proved in [27] 
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(under slightly stronger hypotheses), as well as in Theorem 113.81 of Section [T3| 
that b'{X;G) = 

In [28] the second and third authors calculated 7i*{X) under the assumption 
that the thickness vector q is very large. The result of [28] is similar to state- 
ment (b) of our Main Theorem: it says that for q >> 1, 

n*{X) ^ H*{K, K^~^) (g, Ds-T- 
Tes 

where -D^-t is a specific subrepresentation of L'^{G/B) analogous to the sub- 
space Ds-T C -Lq. (The notation in [28] is different.) In Theorem 113.111 of 
Section [13] we use our Main Theorem to show that, in fact, this formula is valid 
for all q G VF^ . 

If ly is a Euclidean reflection group, then the radius of convergence of W{t) is 
1 (cf. Proposition 13.10]) . It follows that q G IZ^^ whenever q > 1. From this 
we deduce the following (known) result. 

Theorem (Corollary 114.61 in Section [T^ Suppose X is an affine building 
(i.e., of Euclidean type) and that its automorphism group is chamber transitive. 
Then TC*{X) is concentrated in the top dimension. 

We want to emphasize three points: 

(i) There are many interesting classes of buildings which are neither spherical 
nor affine. 

(ii) The rational function VF(q) is completely explicit (cf. Lemma l3.3p and 
is easily calculated in any given case. 

(iii) In practice, calculation shows few /-tuples of positive integers lie outside 

With regard to (i), when W is right-angled, there is a building ^ of type (VF, S) 
and thickness q for any /-tuple of positive integers q (cf. Example ll3.3p . When 
(W, S) satisfies the "crystallographic condition" (that all rn-jj = 2, 3, 4, 6 or oo). 
Tits proved the existence of "Kac-Moody groups" over finite fields. These give 
locally finite buildings with chamber transitive automorphism groups. (In this 
Kac-Moody case, all Qs are restricted to be the order of a finite field.) 

With regard to (iii), consider the following concrete example. Suppose W is 
the group generated by the refiections across the faces of a right-angled dodec- 
ahedron in hyperbolic 3-space. Let / be a singleton and q = g, a positive 
integer. Suppose Xg is the (dodecahedral) building of type W and thickness 
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q. If (7 > 7, our results give that 7i*{Xq) is concentrated in the top dimension 
(=3). Previously, this was only known for q > 10^^ (cf. [28j.) On the other 
hand, by Theorem 116.121 for 2 < q < 6, TC*{Xq) is concentrated in dimension 
2 (and for g = 1 it vanishes identically). 

The results of this paper raise more questions than they answer. Here are two 
such: 

• Is there a version of this theory for weighted differential forms? 

• Is there a version of this for groups other than Coxeter groups? 

The short answer to both is "yes." In both cases a good deal of foundational 
work remains to be done. 

As for the first question, there exists a literature on weighted de Rham 
cohomology on a Riemannian manifold M , for example, [1]. The inner product 
on the vector space of compactly supported, smooth forms on M is modified 
via a weight function of the form x g'^(^) , where q £ (0, 00) , x £ M and 
d{x) is the distance from a basepoint. As one would expect, when M = R", 
the weighted -cohomology is concentrated in dimension if g < 1 and in 
dimension n if g > 1 . In Section [TBI we use a version of this weighted de Rham 
theory on hyperbolic space equipped with an isometric action of a group W 
generated by reflections across the faces of a fundamental polytope K . This 
time the weight function is a step function of the form x , where w £ W 

is such that x S wK . In this case, the de Rham version and the cellular version 
of weighted -cohomology are canonically isomorphic. 

As for the second question, given a discrete group T , a CW complex X equipped 
with a cellular F -action and a positive real number q, one can deform the 
standard inner product on C*{X) via a weight function of the form 7 — > q^^'^^ 
and then define the weighted (cellular) cohomology groups of X. As before, 
as q varies from to 00 , these groups interpolate between ordinary cohomology 
and cohomology with compact supports. The missing feature for a general 
group r (as opposed to a Coxeter group) is that we do not have a deformation 
of the group algebra analogous to the Hecke algebra. We will say more about 
this question in Section [TSl We believe that this topic also has an intrinsic 
interest and we hope to write more about it in the future. 

The first author was partially supported by NSF grant DMS 0104026. The 
second author was partially supported by KBN grant 2 P03A 017 25 and 
a scholarship from the Foundation for Polish Science. The third author was 
partially supported by KBN grant 2 P03A 017 25. 
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2 Coxeter systems 



A Coxeter matrix on a set 5 is an 5 x 5 symmetric matrix M = (mst) with 
entries in N U {oo} such that each diagonal entry is 1 and each off-diagonal 
entry is > 2. The matrix M gives a presentation for an associated Coxeter 
group W : the set of generators is S and there is a relation 

{str^' = 1, 

for each pair (s, t) of elements in S with nist 7^ 00. The purpose of this section 
is to recall some standard facts about such groups. Proofs of most of these facts 
can be found in [5]. 

The natural map 5 — > is injective and henceforth, we identify S with its 
image in W . Moreover, each element of S has order 2 in and the order of 
st in W is nist ■ The pair {W, S) is a Coxeter system. 

Given an element w G W , l^w) denotes its word length. An expression for w 
as a word in S , w = si ■■■ si , is a, reduced expression if / = l{w) . 

Given T C S, Wt denotes the subgroup generated by T . Such a Wt is a 
special subgroup of W . The pair {Wt,T) is the Coxeter system whose Coxeter 
matrix is given by the restriction of M to T ([S', Theorem 2 (i), p. 12]). The 
subset T is spherical if Wt is finite. 

For T <^ S and w G W , the coset wWt contains a unique element of minimum 
length. This element is said to be (0, T) -reduced. Moreover, an element w is 
(0, T)-reduced if and only if l{wt) > l{w) for all t £ T. (See [5, Ex. 3, pp. 
31-32].) Let Xt denote the set of (0, T)-reduced elements of W. 

If Wt is finite, then it contains a unique element wt of maximum length, 
called the element of longest length. It is characterized by the property that 
l{wTt) < 1{wt) for ah t G T ([5i Ex. 22, p. 40]). 

Given w E W^ set Inw : = {s G 5" | l{ws) < l{w)} . It follows from the 
"Exchange Condition" (cf. ^ p. 7]) that s £ Inw if and only if w has a 
reduced expression with final letter s. Thus, Inu; is the set of letters with 
which a reduced expression for w can end. A key fact ([12, Lemma 7.12]) is 
that Inw is always a spherical subset of S. 

For any spherical subset T C S , define 

W"^ := {w £W \lnw = T}. (2.1) 
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The simplicial complex S Given a poset V and an element p £ V , define 
^>P '■= {x £ V \ X > p} . Subposets 'P<p , V>p and P<p are defined similarly. 
Associated to any poset V there is a simplicial complex \V\, called its geometric 
realization; its vertex set is V and a nonempty finite subset of V spans a simplex 
if and only if it is totally ordered. 

Let S denote the set of spherical subsets of 5, partially ordered by inclusion 
and let 

5« = {T G 5 I Card(r) = i}. (2.2) 

S has a minimum element, namely, 0. 5>0 is the poset of simplices of a 
simplicial complex denoted by L{W, S) (or L for short) and called the nerve of 
{W, S) . (In other words, the vertex set of L is S and a nonempty subset T C 
spans a simplex if and only if it is spherical.) 5*^*^ is the set of (i — 1) -simplices 
in L. 

We are also interested in WS, the poset of spherical cosets. It is defined as the 
disjoint union of the sets W/Wt, T G S. Thus, a typical element of WS is a 
coset wWt for some T G S. The partial order is inclusion. 

The geometric realization of S is denoted K and the geometric realization of 
WS by S . The group W acts properly on the simplicial complex S ; the orbit 
space is the finite complex K . The most important property of S is that it is 
contractible ([121 Theorem 10.3 and Section 14]). 



3 Growth series 

Suppose we are given a Coxeter system (W, S) , an index set / and a function 
i : S ^ I so that i{s) = i{s') whenever s and s' are conjugate in W . (The 
largest possible choice for Imi is the set of conjugacy classes of elements in S 
and the smallest possible choice is a singleton.) Let t = {ti)i^j stand for an 
/-tuple of indeterminates. Write tg for . If si • • • s/ is a reduced expression 
for w, then define ty^ to be the monomial ty^ := t^^ • • • t^^ . It follows from 
Tits' solution of the word problem for Coxeter groups (see [H] or [8]) that tu, 
is independent of the choice of reduced expression for w. 

For any subset X oi W , define a power series in t 

X(t):=^t^. (3.1) 

wex 

W{t) is the growth series of W and, for any subset T of S , WT{t) is the 
growth series of the special subgroup Wt ■ 
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Notation The region of convergence of Writ) in (0, +cx))^ is denoted TZt- 
Write TZ instead of TZs- Put 7^;^^ : = {z € (0,+oo)^ | z^^ G 7^T}• Denote the 
closure of the region of convergence by TZ and put dTZ : = Tl — TZ. Define Tl~^ 
and dTZ~^ similarly. 

From the fact that all the coefficients in W{t) are nonnegative real numbers, 
we immediately get the following lemmas. 

Lemma 3.1 If U C T C S , then TZ^TZt'^'JIu- 

Lemma 3.2 Suppose q G (0, oo)^ . Then the following two conditions are 
equivalent: 

(a) q G dTZ, 

(b) 1/W{q) = and l/T^(Aq) > for all X G (0, 1) . 

Note that if T is spherical, then WT(t) is a polynomial in t and so TZt = 
(0,+cxd)^. If, for each i G /, tj > 1, then t ^ TZt whenever Wt is infinite. 

Define e{T) : = (-l)Card(T) _ 

Lemma 3.3 ([5, Ex. 26, pp. 42-43], p^, Prop. 26], 00]) 

(i) Suppose W (= Ws ) is finite and let ts = tws be the monomial corre- 
sponding to the element of longest length in W . Then 

(a) W{t)=tsW{t-^). 
(b) 

ts ^ V- e(T) 
W{t) ^gWTit)- 

(ii) As in Section\2i for each TCS", suppose Xt denotes the set of (0,T)- 
reduced elements in W . Then 

W{t) = XT{t)WT{t). 

(iii) As in \2.1\i . for each spherical subset T of S , suppose W'^ denotes the 
set of w £ W with In(w) = T . Then 

(a) 

w'^jt) _ ^ g(r - T') 

w{t) - z^^ws-T'{ty 
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(b) 

W'^it) _ ^ e{U -T) 



(iv) 



W{t-^) ^VFT(t)- 
Corollary 3.4 

5(t) 

wiiere f,g(z Z[t] are polynomials with integral coefEcients. 



The next lemma follows immediately from the definitions. 



Lemma 3.5 Suppose {W,S) decomposes as a product (Wi x W2,Si U 82)- 
Then VF(ti,t2) = Wi{ti)W2{t2) ■ Moreover, 7^ = 7^l x 7^2, where TZ, TZi 
and TZ2 are the regions of convergence for W{ti,t2), lyi(ti) and 1^2(^2); 
respectively. 

Example 3.6 The infinite dihedral group Suppose S = {si, S2} and ms^s2 = 
00, so that W is the infinite dihedral group D^o. Its nerve is the 0-sphere. 
Also, suppose / = {1,2} and that S ^ I sends sj to j. Using Lemma [3^ iv). 
we compute: 

1 _ 1 - tit2 

W{t) ~ (l + ti)(l+t2)' 

So, TZ = {{zi, Z2) I |-zi||22| < 1}- In particular, (0,1)^ CTZ. 

Example 3.7 Suppose W = (Dqo)", the n-fold product of infinite dihedral 
groups. Its nerve L is then the n-fold join of copies of , i.e., it is the boundary 
complex of an n-octahedron. By Lemma 13.51 and Example 13.61 (0, 1)^ C TZ. 



The case of a single indeterminate Suppose / is a singleton. Then t is 
a single indeterminate, call it t, the monomial tm is just t'*-"'-* and W{t) is the 
usual growth series. Let p denote its radius of convergence. An immediate 
corollary to Lemma 13.21 is the following. 



Corollary 3.8 l/W{p) = and p = mm{\t\ \ t e C and l/W{t) = 0}. 
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A corollary to Lemma 13.51 is the following. 

Corollary 3.9 Suppose {W, S) decomposes as a product {Wi x W2, Si U ^2) . 
Then W{t) = Wi{t)W2{t) and p = mm{pi, P2) , where p, pi and p2 are the 
radii of convergence for W{t), Wi{t) and W2{t), respectively. 

In the next proposition we list six other conditions which are equivalent to the 
condition that the radius of convergence of W{t) be 1. 

Proposition 3.10 The following conditions on a Coxeter system {W, S) are 
equivalent. 

(i) W is amenable. 

(ii) W does not contain a free group on two generators. 

(iii) W does not virtually map onto the free group on two generators F2 (i.e., 
W does not have a finite index subgroup T which maps onto F2). 

(iv) W is virtually abelian. 

(v) (W, S) decomposes as {Wq x Wi, SqU Si) where Wi is finite and Wq is 
a cocompact Euclidean reflection group. 

(vi) P=l. 

(vii) W has subexponential growth. 

Proof then the (i) (ii) is a standard fact. 

(ii) =^ (iii). Suppose for some subgroup T of we have a surjection / : F — > 
F2 where F2 is the free group on {xi,X2}. Choose 71 G /~^(xi), 72 G f^^{x2). 
Then (71,72) is a free subgroup of W. 

(iii) (iv). It is proved in [35j (and independently in [31]) that when W is 
not virtually abelian there is a subgroup T of finite index in W which maps 
onto a nonabelian free group. 

(iv) =^ (v). Moussong [36j proved S has a CAT{0) metric (so W is a 
^^CAT{0) group"). This implies that any abelian subgroup of W is finitely 
generated. So, if W is virtually abelian, then it is virtually free abelian. We 
suppose that has W has a rank n free abelian subgroup of finite index. Then 
W is a virtual PD" -group. By [I3l Theorem B], W decomposes as in (v), 
where the complex Sq for {W(),So) is a CAT{0) homology n-manifold. By the 
Flat Torus Theorem ([6]), the "min set " of the free abelian subgroup on Eg 
is isometric to R"'. Hence, Sq = R" and Wq acts as an isometric reflection 
group on it. 
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(v) =^ (vi). Since a Euclidean reflection group is virtually free abelian, it 
has polynomial growth and therefore, the radius of convergence of its growth 
series is 1. (In fact, the poles of its growth series are all roots of unity; see 
Remark 13.111 below.) 

(vi) =^ (vii) is obvious. 

(vii) =^ (i) by the F0lner condition for amenability. □ 

Remark 3.11 Suppose W is a (cocompact) Euclidean reflection group. First 
consider the case where {W, S) is irreducible. Let W' be the flnite linear re- 
flection group obtained by quotienting out the translation subgroup of W and 
let mi, . . . ,mn be the exponents of W' . According to [5, Ex. 10, p. 245], the 
growth series of W is given by the following formula of Bott: 

i=l 

In particular, all the poles of W{t) are roots of unity. We can reach the same 
conclusion without the assumption of irreducibility, since the growth series of 
{W, S) is the product of the growth series of its irreducible factors. 

Note In the case where t is a single indeterminate, most of the results of this 
section come from [U Ex. 26, pp. 42-43]. The idea of extending the results from 
this exercise to an /-tuple of indeterminates comes from [38]. Lemma [3.3r iii) (a) 
is from [5j Ex. 26 d), p. 43], while (iii)(b) is due to Steinberg [40j . 



4 Hecke algebras 

Let A be a commutative ring with unit. Denote by A^^^ the free ^-module 
on W consisting of all flnitely supported functions W ^ A and denote by 
A\W] this A-module equipped with its structure as the group ring of W . Let 
{s-u])w&w be the standard basis for A^^^ . We are primarily interested in the 
case where A = R, the field of real numbers. 

As in the previous section, i : S" — > / is a function such that i{s) = i{s') 
whenever s and s' are conjugate. Let q = {qi)i£i G be a fixed /-tuple. 
As before, write qs for qi(^s)- By [H Exercise 23, p. 57], there is a unique ring 
structure on ^(^) such that 

]esw, if l{sw) > l{w); 

esSw = \ (4.1) 
[qsesw + {qs - i)ew, a l{sw) < l{w), 
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for all w G W . We will use the notation Aq[M^] to denote A^^^ with this 
ring structure. Note that if q is the constant /-tuple 1 := (1,...,1), then 
74q[Vr] = A[W] . So, Aq[T1^] is a deformation of the group ring. It is called the 
Hecke algebra of W associated to the multiparameter q. 

From (|iTT]) it follows that 

Cuev = euv, for all u,v G W with l{uv) = l{u) + l{v), and 

ei = (Qs - l)es + Qs- 

The function e^^ — > e^-i induces a linear involution * of A^^\ i.e., 

(^a^uCw^ : = ^a^-le^„. (4.2) 

Lemma 4.1 Formula (14. 2|) defines an anti-involution of the ring Af^[W]. In 
other words, for all x,y £ Aq[W] , (xy)* = y*x* . 

Proof For each w £ W ,let L^, (resp. R^) denote left (resp. right) translation 
by defined by Lw{x) = eyjX (resp. Rw{x) = xe^). A quick calculation 
using (|4.ip gives: Rs = *Ls*, for all s G 5. If si • • • is a reduced expression 



for w, then Ry^ = Rgi ■ ■ ■ Rg^ = *Lsi---Ls^* = *L^-i*. Therefore, xcy^ = 
Rw{x) = *L^-i * (x) = (e^-ix*)* . Hence, R^ = *L^-i*, for all w G W. So, 
(xe^)* = (cy^^ix*)** = Cyj^ix* = e^x*. The lemma follows. □ 

Using the involution *, we deduce the following right hand version of (j4.1[) : 

\il{ws) > l{w)\ 
yqsews + Kqs-i-jdw, nl{ws)<l{w). 

Proof of (I13D Apply *, to get 

(Cui^s) — 6^6^-1 

li l{sw^^) > l{w^^)] 



Hence, 



\(lsesw-i + {(ls-l)eyj-i, ifl{sw ^) < l{w ^] 

_ je^s, if > l{w); 

1 gsC^s + (q's - l)e^, if l{sw) < l{w). 
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For each w £ W , define Qw by the same formula used to define tw , i.e., if 
si - ■ ■ si is a reduced expression for w , then 

qw- = qsi--- qsi ■ (4.4) 

Also, set 

:=(-!)'(-). (4.5) 

The maps — > and — *■ £w extend linearly to ring homomorphisms 
A^[W]^A. 

Following Kazhdan-Lusztig [32], define an isomorphism jq : j4q[Ty] — > A^-i [W] 
by the formula: 

It is easily checked that jq is an algebra homomorphism and that (jq)^^ = iq-i • 
Hence, jq is an isomorphism of Hecke algebras. It is called the j -isomorphism 
and denoted simply by j when there is no ambiguity. 

Note Most of the material in this section is taken from [5, Exercise 23, p. 57]. 



5 Hecke — von Neumann algebras 

From now on A is the field of real numbers R and q = {qi)iei is an /-tuple of 
positive reals. Define an inner product ( , )q on R(^) (= Rq[VF]) by 

where was defined by (j4.4p . As in [34J, sometimes it is convenient to nor- 
malize {en))w&w to an orthonormal basis for Rq[14/'] by setting 

Cto • = qw ^ ^w- (^-2) 

The completion of R^'^) with respect to the inner product ( , )q is denoted 
Lq(Ty), or simply Lq, when there is no ambiguity. 

Proposition 5.1 ([271 Proposition 2.1])) TJie inner product defined by (15. 1|) , 
multiplication defined by equations (14. 1|) and the anti-involution * defined by 
(14. 2|) . g'ive Rq[VF] a Hilbert algebra structure in tlie sense of 123^ A.54]. This 
means, in particular, that 

(i) {xy)* = y*x*, 

(ii) {x,y)ci = {y*,x*)q, 
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(iii) {xy,z)c^ = {y,x*z)^, 

(iv) for any x £ Rq[VF], left translation by x, Lx : Rq[VF] Rq[VF], deEned 
by Lx{y) = xy, is continuous, 

(v) the products xy over all x,y £ Rq[VF] are dense in Rq[VF] . 

Since the action of Rq[VF] on itself by multiplication is continuous, is a 
Rq [W] -bimodule. 

An element x G Lq is bounded if right multiplication by x is bounded on Rq[VF] 
(or equivalently, if left multiplication by x is bounded). Let Rq[VF] be the set 
of all bounded elements. 

As in [23] there are two von Neumann algebras associated with this situation. 
They are denoted by A/q[H^] and A/'q[Ty] or simply by AAq and AAq when there 
is no ambiguity. AAq acts from the right on Lq and J\f^ from the left. Here are 
two equivalent definitions of M^: 

(i) AAq is the algebra of all bounded linear endomorphisms of Lq which 
commute with the left Rq[VF] -action. 

(ii) AAq is the weak closure of Rq [W] acting from the right on Lq . 

If we interchange the roles of left and right in the above, we get the two equiv- 
alent definitions of AAq . 

Lemma 5.2 If T C S , then the inclusion ¥if^[WT] ^ Rq[T4^] induces inclu- 
sions R^[Wt] ^ Rq[VF] and AAq[Wr] ^ A/q. 

Proof Let L'^^wWt) C L^{W) denote the subspace of functions which are 
supported on the coset wWt- Then Lq(Ty) decomposes as an orthogonal 
direct sum of spaces of the form L'^{wWt)- Suppose A S MqlWx)- Right 
multiplication by A preserves the summands, and acts on each summand in the 
same way. The norm in the space L'^{wWt) is the norm in L'^{Wt) rescaled 

— 1/2 

by a factor of qw , so that the operator norms of right multiplication by A on 
each of these subspaces is bounded hence, A G AAq. □ 

The J -isomorphism It follows from the definitions that the isomorphism 
j : Rq[VF] Rq-i[T^] defined by (j4.6|) takes the orthonormal basis (cw) 
for Lq, defined by (|5.2p . to the orthonormal basis (e^) for L^-i- So, it is an 
isometry. Therefore, it extends to an isometry of Hilbert spaces j : Lq -^q-i • 
From this, it is obvious that j takes a bounded element of Lq to a bounded 
element of L^-i ■ Hence, it extends to an isomorphism of von Neumann algebras 

i : AAq ^ AAq-l . 
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The von Neumann trace Define the trace of an element (p G A/'q by 

tWqCv') := (ei95,ei)q, 

where ei denotes the basis element of Lq corresponding to the identity element 
of W. If $ : 0"=i Ll 0"^i Ll is a bounded linear map of left Kq[W]- 
modules, then we can represent $ as right multiplication by an n x n matrix 
{(fij) with entries in A/'q. Define 

n 

1=1 

Hilbert A/^j -modules and von Neumann dimension 

Definition 5.3 A subspace V of a finite orthogonal direct sum of copies of 
Lq is called a Hilbert Mq-module if it is a closed subspace and if it is stable 
under the diagonal left action of Rq [W] . 

A map of Hilbert A/'q -modules means a bounded linear map of left Rq[VF]- 
modules. A map is weakly surjective if it has dense image; it is a weak isomor- 
phism if it is injective and weakly surjective. 

Let V C 0;^! Ll be a Hilbert A/q-module and let pv : 0"=^ ^ 0^^^ ^2 
be the orthogonal projection onto V . The von Neumann dimension of V is the 
nonnegative real number defined by 

dinWq V = trvq(pi^). (5.3) 

As usual, one shows that dim_v'q V doesn't depend on the choice of embedding 
of V into a finite direct sum of copies of Lq . If a subspace C Lq is 
Rq [P^] -stable but not necessarily closed, one defines dimj^j-^V := dim.j\f^V . 
This dimension function satisfies the usual list of properties: 

(i) dimjv'q y = if and only if F = . 

(ii) For any two Hilbert A/'q-modules V and V , 

dimx^{V © V') = dim^Tq V + dimy^^ V'. 

(iii) dimjv-qL2=l. 

(iv) If / : V ^ V is a weak isomorphism of Hilbert A/'q -modules, then 
diiHATq V = dim^Tq V . 
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(v) Suppose that (W\S') and {W",S") are Coxeter systems, that 5' I' 
and S" I" are indexing functions, that q' and q" are multiparameters, 
S = S'U S" and I = I'U I" are disjoint unions that {W, S) = {W x 
W",S' U S") and that q is the multiparameter for {W, S) formed by 
combining q' and q". Let V (resp. V") be a Hilbert AAq/ [T^'] -module 
(resp. AAq" [VF"] -module) . Then the completed tensor product V : = 
V (8> V" is naturally a Hilbert AAq-module and 

dimArq[H/](^' V") = (dim_v-^,[,4/,] V'){dimj^^„iw„^ V"). 

(vi) Suppose that T C S and that Vr is a Hilbert A/'q[WT] -module. The in- 
duced Hilbert AAq-module V is defined to be the completed tensor product 

V: = Ll{W) ®R^[H/,]^T. 

Its dimension is given by 

dimATq V = dim_^^[M/j,] Vr- 

Idempotents in J\fq and growth series Given a subset T of 5, recall TZt 
denotes the region of convergence for Wxit). 

Lemma 5.4 Given T O S and q G TZt, there is an idempotent ax G A/'q 
defined by 



Proof Define 



a-T = ^ e^. (5.4) 

w^Wt 



Then {dT,aT)q = Yllw = ^T(q)i so ax G Lq(TyT) if and only if q G IZt- 
Assume this. Recall that for each s G 5, denotes the set of (0, {s})-reduced 
elements in W . Using ()4.3p . we calculate that for each s € T , 



= Qsar 

Hence, for w G Wt , 

arew = Qwar and dxiw = qU'^dr (5.5) 
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Therefore, 

{arpf = WT{ci)aT. (5.6) 

We claim clt is a bounded element of L/^{Wt) (hence, by Lemma |5.2| it lies 
in Mq). To see this, note that if x = Yl,^we-w S R-q[l^T], then (jS.Sp can be 
rewritten as 

and hence, ||aTa;||q < ||aT||q||a;||q- So, we get an idempotent defined by 

□ 

Lemma 5.5 Given a subset T of S and an I -tuple q G 'R-t^ , there is an 
idempotent hx € AAq defined by 



-1, 

w€Wt 

(where and are defined by ij4.4|) and ij4.5|) . respectivelyj. 



Proof The proof is similar to the previous one. Define 

liT := ^ £wq~'^eu,. (5.8) 

WdWT 

Then {hT,hT)n = T.Qw^ = ^^T(q"^), so /^t G iq(W^T) if and only if q-^ G 
T^T- Assume this. For s G T, we calculate 

hx^s ~ ^ ^ ^wq-w G-w^s ~^ ^wsqws^ws^s 
w&XsnWr 

^ ^ ^wqyj ^WS ~l~ ^WSqw {qs^^W ~l~ ('7s l)^'UIs) 

— ^ ^ ^wq-w ~\~ ^wsq-w qg ^ws 

= —Ht- 
Therefore, for w £ Wt, 

hx^w = £w^T and (5.9) 
{hTf= en,qAew = WT{Gr^)hT. (5.10) 

w^Wt 
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As before, it follows that hx G Rq[WT] and hence, that hx G AAq. So, by 
(|5.10p . we get an idempotent defined by 



□ 



Using ()4.3p we get the following right hand versions of ()5.5p and (15.90 for T C S 
and u; G Wr : 

ewO-T = QwO-T and (5.12) 
ey,hT = e^hT- (5.13) 

What is the effect of the j -isomorphism on these idempotents? It follows im- 
mediately from definitions (j4.6p . (j5.4p and (j5.8p that 

j{aT) = hr and j(aT) = /iT- 

Hence, by the definitions in Lemmas 15.41 and 15.51 

j(ar) = hx and jihx) = ax- (5-14) 

Using ([53]), dSSD, (|5l^ and (l5l^ . we easily calculate that for any [/ C T C 5: 
ajyOT = ax = CLTdu whenever q G T^jy, (5.15) 
hi/hx = hx = hxhu whenever q G '^j}^. (5.16) 

If si • • • is a reduced expression for w, then • • • si is a reduced expression 
for iM"^ . It follows that 

<?ui-i ~ Q'w and £^-1 = Ew 

So, 

= and /i^^ = hx, 

whenever the idempotents ax and hx make sense. In other words, the maps 
X — > xax and x —>■ xhx are orthogonal projections from Lq onto Hilbert 
submodules. 



Remark The "a" in ax is for "average," while the "h" in hx is for "harmonic." 

Definition 5.6 For each TQS, let ax : n[Wx] R and Px ■ Rqi^r] ^ R 
be the algebra homomorphisms defined by ew — > Qw and Cw ^ e^, respectively. 
ax is the symmetric character and Px is the alternating character. 
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The next lemma follows immediately from equations (|5.5p and ()5.9p . 



Lemma 5.7 

(i) Supposing ci € TZt, the action ofRqlWr] on L'^qt by right multiplication 
is via the character ut- 

(ii) Supposing G TZt, the action of HqlWr] on L/^Ht hy right multipli- 
cation is via the character (3t ■ 



Some Hilbert AAq-submodules of To simplify notation, for each s £ S , 
write Us and hs for the idempotents a^gj and h^^j . Let As = L'^Ug and 
Hg = L'^hg be the corresponding Hilbert AAq-submodules of Lq. 



Lemma 5.8 For each s £ S , the suhspaces Ag and Hg are the orthogonal 
complements of each other in Lq . 

Proof 

ag + hg = — (1 + eg) + - — ^-rT(l - Qs^eg) 

i- + Qs l + Qs 

= 1. 

So, ag and hg are orthogonal projections onto complementary subspaces. □ 
For each T C 5, set 

At:= f]Ag and Ht:= f] Hg. (5.17) 

For any subspace C Lq, let denote its orthogonal complement. Since _L 
takes sums to intersections and intersections to closures of sums: 

Y,AgY = HT, (^//,)^ = ^T, (5.18) 



J2As = iHT)^, ^/?, = (^t)^. (5.19) 

Lemma 5.9 Let As be the subspace of Lq defined in i5.17]) . 

(i) For all x G and w G W , xcw = q-wX. 

(ii) If q ^ 7^, then As = 0. 
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(iii) If q G 7^ , then As is the hne spanned by as and L'^as = As ■ Hence, 

There is also a version of this lemma for Hs ■ 

Lemma 5.10 Let Hs be the subspace of defined in \5.17\i . 

(i) For all x G Hs and w £ W , xe^ = e^x. 

(ii) If i n, then Hs = 0. 

(iii) If q^^ £ TZ, then Hs is the line spanned by hs and L'^hs = Hs- Hence, 

We prove only the first version, the proof of the second version being entirely 
similar. 

Proof of Lemma 15.91 (i) As in Definition 15.61 ctT : R[Wt] R denotes the 
symmetric character. The a{s}-eigenspace of Rq[VF{5}] on Lq is Ker(g<j — e^) = 
Kerhs = L^a^ = Ag. Since the subalgebras Rq[Ty{5}] generate Rq[Ty], the 
intersection of the Ag, s G S*, is the a^-eigenspace for Rq[Ty]. 

(ii) If a; = Yli^w^w G ^5, then 

In other words, the coefficients all equal. Hence, {x , x) ^ = xfW {q) . So, 

if q ^ 7?., X ^ Lq unless x = and if q G 7?., x must be a scalar multiple of 
as- 

(iii) By Lemma [5771 if q G 7^, then L^as ^ As- Since as and diniR = 
1 , the inclusion is an equality. Hence, 

dim^Tq As = dimATq L^as = tvj^^ as = ^^^7^- 

□ 

Corollary 5.11 For any T C 5; 

(i) At = L\aT if qeTZr and At = if q^lZT- 

(ii) Ht = L\hT if q^ G 7^T and Ft = if q^ i IZt - 

Proof Since At and Ht are induced from Hilbert Rq[WT] -modules, this 
follows from Lemmas 15.91 and 15.101 □ 
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6 Some cell complexes 



The basic construction Suppose we are given the following data: 

• a Coxeter system {W, S) , 

• a CW complex Z and 

• a family of subcomplexes {Zs)seS- 

The Zg are called the mirrors of Z. Given these data there is a classical 
construction of a CW complex U = U(W, Z) with a VF-action so that Z is a 
strict fundamental domain. We recall the construction. 

For each subset T oi S , set 

ZT:=Znf]Zs, 

seT 

Z^:=\JZs. (6.1) 

For each cell c of Z and each point z & Z , set 

S{z) :={seS\zeZs}, (6.2) 
S{c):={seS\cCZs}. (6.3) 

Define U{W,Z) := {W x Z)/ ~ where ~ is the equivalence relation defined 
by: {w, z) ~ (w;', z') if and only z = z' and the cosets wWs[z) a^id w'Ws[z) 
are equal. Write [w^z] for the image of {w,z) in U . The group W acts on U 
via w -[w' ,z\ = [ww' , z] . The orbit space is Z . Identifying Z with the image of 
1 X Z in W, we see that Z is a strict fundamental domain. wZ , the translate 
oi Z hy w,is identified with the image oi w x Z . The C W structure on U is 
defined by declaring the family [wc) , with w and c a cell of Z , to be the 
set of cells in U. (Note that wc is the image of w x c in U .) 

The setwise stabilizer of a cell c of Z is the special subgroup Ws(^c) ■ Moreover, 
Ws[c) fixes each point of c. 

The family {Zs)s€S is W -finite if Zy = whenever Wt is infinite. This 
condition insures that each isotropy subgroup is finite. It is equivalent to the 
condition that W act properly on U . We shall assume it throughout. 
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The complex S The complex S can be described in terms of the basic 
construction. As in Section [21 denote the geometric realization of the poset S 
by K and the geometric realization of WS by S. For each s G 5, let Kg be the 
geometric realization of the subposet 5>|s} . It is a subcomplex of K . The space 
IA{W,K) is naturally a simplicial complex. The natural map W x S ^ WS^ 
defined by (w, T) wWt , induces a map of geometric realizations W x K ^ H 
and this descends to W-equivariant map U{W,K) ^ S. As in [T2], it is easily 
seen that this map is a simplicial isomorphism, i.e., 

^^U{W,K). (6.4) 

Cellulation of S by Coxeter cells As is explained in [361 [151 [16] aiid below, 
S has another cell structure: its cellulation by "Coxeter cells." 

Suppose, for the moment, that W is finite and Card(S') = n. Associated to 
{W, S) there is a n-dimensional convex polytope P called the Coxeter cell of 
type W . P is defined as the convex hull of a generic VK-orbit in the canonical 
representation of W on R". W acts simply transitively on the vertex set of 
P; moreover, a subset of vertices spans a face if and only if it has the form 
wWtVq for some special coset wWt and for a given choice of base vertex vq in 
the interior of the fundamental simplicial cone. This identifies the face poset of 
P with WS . In other words, it gives a simplicial isomorphism between S and 
the barycentric subdivision of P. 

Returning to the case where (W, S) is arbitrary, note that for any element 
wWt G WS, the poset WS< 

wWt is identified with the face poset of Pt , the 
Coxeter cell of type Wt- So, the subcomplex 1 14/^5<^pi/j, | of S is identified with 
the barycentric subdivision of Pt- This defines the cell structure on S: each 
simplicial subcomplex |iy5<^iyj,| is identified with a Coxeter cell of type Wt- 
So, the vertex set of S is and a subset of W is the vertex set of a cell if 
and only if it is a coset wWt for some w ^W and T £ S. We shall use the 
notation Sec to denote E equipped with this cell structure, where the subscript 
cc stands for "Coxeter cell." (In [27] this cell structure is denoted S^, where 
the subscript d stood for "dual cell.") The poset of cells of Sec is WS . 

Suppose U ^ S- Let S{U) : = {T e S \ T C U} . Define S(C/) to be the 
subcomplex of Sec consisting of all Coxeter cells of type T, with T £ S{U)- If 
K(U) ■- = S([/) n K, then it is not difficult to see that 

S([/) =U{W,K{U)) = W xwul^{Wu,K{U))- (6.5) 

Moreover, I/({Wu,K{U)) equivariantly deformation retracts onto the complex 
T,Wu associated to {Wu,U)- 
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Ruins Given U Q S and T £ 5(f7), define three subcomplexes of 

^1{U,T) : the union of closed cells of type T' , with T' £ S{U)>t, 
h{U,T) : the union of closed cells of type T", T" G S{U), T" ^ S{U)>t, 
dn{U,T) : the cells of n{U,T) of type T" , with T" ^ S{U)>t. 

^{U,T) is the union of all cells of type T" , where T" < T' for some T' G 
S{U)>T. So, 

dQ{U, T) = n{U, T) n h{U, T) and 

= n{u,T)un{u,T). 

The pair T),dn{U, T)) is called the {U, T) -ruin. For example, for T = 0, 

we have r2(C/, 0) = S(C/) and dVt{U,^) = 0. The key step in our proofs of the 
main results in Sections [9] and [10] is the computation of certain homology groups 
of ([/, T) -ruins. 

Similarly, define 

K{U, T) : = n{U, T) n K, 
dK{U,T) := dQ{U,T)nK, 
K{U,T) ■.= n{u,T)nK. 

So, that 

n{U,T)=U{W,K{U,T)), 
dn{U,T) =U{W,dK{U,T)), 
h{U,T) =U{W,K{U,T)). 

7 Weighted L^-(co) homology 

Notation is as in the previous section: Z is a CW complex, {Zs)s^s is a PF-finite 
family of subcomplexes and U = U{W, Z) . 

We begin by defining a chain complex of Hilbert AAq-modules for the CW com- 
plex lA . In this case, each orbit of cells contributes an AAq-module of the form 
At for some T £ S. Next we define chain complexes of AAq -modules in the 
cases of the cellulation of S (and its subcomplexes of ruins) by Coxeter cells. In 
these cases each orbit of cells contributes a AAq -module of the form Ht, T £ S . 
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Weighted (co)chain complexes for U{W, Z) Orient the cells of Z arbitrar- 
ily and then orient the remaining cells of U so that for each positively oriented 
cell c of Z and each w G W , wc is positively oriented. 

As usual, q is an /-tuple of positive real numbers. Given a cell c of Z define 
a measure //q on its orbit Wc by 

^q(wc) : = qu, (7.1) 

where u is the shortest element in the coset wWs(c) (i.e., u is the (0,S'(c))- 
reduced element in this coset). This extends in a natural way to a measure, 
also denoted by ^q, on U^^^ (where U^^^ denotes the entire set of i -cells in U). 
As in |27], define the q-weighted LP' -(co) chains on lA (in dimension i) to be 
the Hilbert space 

LlCi{U) = LlC\l(): = L\l(^'\f,^). (7.2) 

We have coboundary and boundary maps, (5* : L'^C^{l/() — > L'^C'^'^^{U) and 
di : L'^CiiU) ^ L'^Ci-iiU) defined by the usual formulas: 

S\f){l): = Y.iP:7]f(P) (7.3) 

a,(/)(a):=^[a: /3]/(/?), (7.4) 

where the first sum is over all i -cells /? incident to the (i -|- l)-cell 7 while the 
second is over all /? whose boundary contains the (i — l)-cell a. In contrast to 
the standard situation (where q = 1), the maps 6^ and 5,+! are not adjoint to 
one another. Define : LldiU) Lld-iiU) by 

5f (/)(a) : = ^[a : /?]Mq(/3)^q(a)- V(/3). (7.5) 

A quick calculation (cf. [27^ Section 1]) then shows that 6* = d'^. Since 
(5^ = 0, taking adjoints, we get {d'^)'^ = 0. Hence, {L'^C^{U),d'^) is also a chain 
complex. 

One defines the q-weighted L'^ -(co) homology of Li in dimension i by 
LlH\U) := H\{LlC*{U),6)) =KeT6yim6''\ 
LlHi{U) : = H,{{Lld{U),d^)) = Ker a^/ImS^Vi- 
Notice that while we are using the ordinary coboundary map 5, the bound- 
ary map d'^ is not the usual one: it is modified by coefficients depending on 
q. There is a standard problem with these (co)homology groups: the quo- 
tients need not be Hilbert spaces. To remedy this, define reduced weighted 
L^-(co)homology by 

LlHiiU) ■. = KeYd^/lmd^. 
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Since 6* = d*^ and {d'^)* = 5, we have the Hodge decomposition: 

LlC\U) = (Ker 6' n Ker d^) lm6'-^ Wj^. 

It follows that both L^Tl^iU) and L^7{i{l/() can be identified with the space 
Ker (5* n Kei of harmonic cochains. In particular, L'^Ti.^{U) = L'^TiiiU) . 

Lemma 7.1 The chain complexes {Ll^C^(JA),d^) and {L'^_iC^,{U),d) are iso- 
morphic. 

Proof For a chain f onU , define another chain 6{f) by 9{f){(3) : = Aiq(/3)/(/?) 
and note that 6{f) is q-square summable if and only if / is q~^-square 
summable. Hence, it defines a linear isomorphism 9 = 9^ : L'^_^C^{U) — > 
L\C^{U). Using dMl) and ([73]), computation shows that d o d = d"^ o 9 . So, 9 
is a chain isomorphism. □ 

Remark 7.2 We have canonical inclusions of chain complexes: 

C,{U-, R) ^ {LlC,{U),d) ^ C'/iU; R). (7.6) 

So, using the isomorphism 0q-i of Lemma |7. II we get inclusions: 

C4U;-R) ^ Ll^,C,{U) ^ {U;-R). (7.7) 

Similarly, we have inclusions of cochain complexes: 

C*{U; R) ^ L\C*{U) ^ C*{U- R). (7.8) 

(Here CU { ) and C*( ) stand for, respectively, infinite cellular chains and 
finitely supported cellular cochains.) The second map in (j7.6p (or the second 
map in (j7.7p ) is obtained by dualizing the first map in (j7.8p . Similarly, the 
second map in (j7.8p is obtained by dualizing the first map in (j7.6p . 

As was indicated in the Introduction and as will be explained further in Sec- 
tion [121 fo'^ c[ £ ^ ) the first maps in (j7.6p and (j7.7p induce monomorphisms 
with dense image 

H,{U-Yi)^m{Ll^^C,{U),d) 
Hi{U-Yi) ^ Llm{U). 

(The first monomorphism agrees with one's intuition.) Similarly, for q G 7^"^, 
the first map in (j7.8p induces a monomorphism with dense image 

can : Hi{U;R) ^ L\n\U). 
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Dualizing we get isomorphisms: 

L\W{U)^H\U; R) for q G 7^ and 

L\ni{U)^H''/ {U;K) for q G 

All this is reminiscent of a well-known result of Cheeger-Gromov that if 
a discrete amenable group A acts properly on a CW complex X, then the 
canonical map Lp'H*{X) H*{X;¥i) is injective. So, for q G 7^, weighted 
L^-cohomology behaves as if W were amenable. 

The Hilbert A/'q-module structure on L'^C*{U) Following [27], realize Lq 
as L'^{W,i'q), where fq is the measure on W defined by I'qiw) = Qw For each 
subset T oi S , the Hilbert AAq-submodule At C Lq, defined by (j5.17p . is then 
identified with L^(Ty, t'q)^^ , the subspace of functions which are constant 
on each right coset wWt ■ 

Since each cell of U has the form wc for some cell c oi Z and some w ^ W , 
we have 

LlC\U)= L2(H^c,Mq), 

where the sum ranges over all i-cells c of Z. Moreover, Lp'iWc^fi^) can be 
identified with Agi^f.-^ via the isometry 0c : L^(Tyc, /iq) ^S{c) defined by 

4>c{J) = \JWs[c){(l)(^ X] /(^c)ena5.(c)), 

where the summation is over all (0, S'(c)) -reduced elements u and where as(^c) ^ 
AAq is the idempotent defined in Lemma 15.41 So, we get an isometry 

LlC\U) = L2(^c,/xq)^ As(,y 

Since each ^5(c) is a left Rq[VF] -sub module of L^, this gives L'^C'^{U) the 
structure of a Hilbert A/'q-module as in Definition 15.31 (provided we assume, as 
we shall, that Z is a finite complex). It also gives an isometric embedding 

<!> : LlC\U) ^ l2 = C\Z) 1%. (7.9) 

It is shown in [27, Lemma 3.2] that 5 and are maps of Hilbert A/q-modules. 
(It is not true that (5q and d are maps of Hilbert AAq-modules; however, it is pos- 
sible to give LqC*(Z^) and L'^C^{U) the structure of Hilbert Rq-i [VK] -modules 



31 



so that they are maps of Hilbert Rq-i [VF] -modules. To do this, one trans- 
ports the Rq-i [VF] -module structure from L^_iC*(^) via the isomorphism 6 

of Lemma 17.11 ) It follows that Ker6, Kerc^'i, lm.5 and Imd'^ are Hilbert 
AAq-modules. Hence, L^H^{L{) (or Llj-LiiU)) is also a Hilbert AAq-module. 

Weighted (co) chain complexes for cellulations by Coxeter cells Let 

(T) denote the Coxeter cell in S corresponding to Wt G WS (the Wr-coset 
of the identity element). Then W{T), the 14/^-orbit of (T) , is the set of all 
Coxeter cells in S of type Wt ■ Define a measure ^q on Sec by fiq{w{T)) = q^, 
where u = pt{w) is the shortest element in wWt ■ Define the c^-weighted - 
(co)chains on S (in dimension i) to be the Hilbert space 

We have 

L^C,(S,e)= L\W{T),f,^). 

Choose arbitrarily a orientations for cells of the form (T) , T £ S . We use the 
following orientation convention for the remaining cells in W{T): if ti G Xt 
(i.e., if u is (0, T)-reduced as defined in Section [2]), then orient u{T) so that 
left translation by u is an orientation-preserving map (T) u{T) . 

As in fTSl) . 6 : L^C*(Scc) ^ LqC*+i(Scc) is the usual coboundary map. Its 
adjoint d*^ : LqCi+i(Scc) LqCi(Scc) is defined similarly to (j7.5p . 

Next, we determine the formula for the restriction of d*^ to the summand 
L'^{W{U),n^), where U € S^'+^\ Any w e W can be uniquely decomposed as 
w = uv with u G Xu and v S Pi^jy. Suppose T G 5^*^ is obtained by deleting 
one element of U and w £ Xt . If w G Xt , then v G Wjj n . For any 
/ G L^(iy([/), /iq) , we have the following formula for d^: 

d^fiw{T)) = e,q-'fiu{U)), (7.10) 

where w = uv as above. 

The group Wt acts nontrivially on the cell (T) . In fact, v G Wt is 
orientation-preserving. Hence, the right Rq [Wy] -action on L'^ {W (T) , fi^) is 
via the alternating character Pt of Definition 15.61 Therefore, L"^ (W (T) , fi^) 
can be identified with Ht- A specific isometry ip : L^(l^(T),^q) Ht can 
be defined by 

Mf) = VWT{q-'){ Yl fHT))eu)hT, (7.11) 
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where hj- is the idempotent of AAq defined in Lemma 15.51 So, we have an 
isometry: 

l2q(S,,)= L\W{T),^^^)^ Ht. (7.12) 

Since each Ht is a left Rq [VF] -submodule of L^, this gives LqC*(Scc) the 
structure of a Hilbert A/'q-module. It also gives an isometric embedding 

We use the isomorphism in (j7.12p to transport the Hilbert A/'q-module structure 
from the right hand side of ()7.12|) to LqCj(Scc) . It is proved in [271 Lemma 4.3] 
that 6 and d'^ are maps of Hilbert AAq-modules. We shall give the argument 
in Lemma |8. II below. Hence, we get reduced L^-(co) homology groups: 

L\n\Y.cc) = Ker(5VIm(^^-i and L\ni{l^cc) = KerS^'/Wf, 

which are also Hilbert AAq-modules. It is proved in [27, Section 5] that the 
(co)homology groups of LqC*(Scc) are the same as those of -LqC*(S), i.e., 
LlH,{^,,) ^ L2/7,(S), LlH*{T.,,) ^ LIH*{'L) and L2?^*(S,,) ^ Lln*{T.). 
(The point is that the simplicial structure on S is a subdivision of Sec-) 

The chain complex (LqC^,(Scc), 9'') looks like this: 



q 



s&S TgS^^^ 

(We shall describe the boundary maps explicitly in Lemma 18.11 in the next 
section.) 

Lq-Betti numbers and the Lq-Euler characteristic Define 

where dim_/v'q denotes the von Neumann dimension defined by (15. 3p . For any 
cell a C Z , its stabilizer is the special subgroup ^^5(0-) , where as before S{a) = 
{s G 5 I fj C Zs}. So, the summand of Ll^C^iU) corresponding to the orbit of 
an z-cell a is isomorphic to ^s(cr)- Its dimension is 1/Ws(^fjy Hence, 

The i*^ Lq -Betti number of U is defined by 

b\{U):=dim^^Lln\U). (7.14) 
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A standard argument (cf., [291 Theorem 3.6.1, p. 205]) gives: 

= Y.(-irc^{U). (7.15) 

(This is a version of Atiyah's Formula.) We denote either side of ()7.15p by 
Xq(^) and call it the L'^-Euler characteristic of U . 

Proposition 7.3 (Rationality of Euler characteristics) Xq(^/) = /(q)/f7(q) 
where f and g are polynomials in q with integral coefRcients. 

Proof For each T G S , we have the subcomplex Zt (resp. BZt) defined as 
the union of those cells a such that T C S{(j) (resp. T C S{a)). By (j7.13p 
and (ITH^ . 

nj-. sr x(^t) -xidZr) 

□ 

Proposition 7.4 ([271 Corollary 3.4]) 

Xq(S) 



iy(q)- 



Proof We use the cellulation of S by Coxeter cells. If T € 5, then 

1 



dim^^ L'{W{T),fi^) = Ht 



VFT(q-i) 



Hence, 



WT(q' 

e(r) _ 1 



. W^(q)' 

where the last equality is by Lemma I3.3l fivl . □ 

Remark The relationship between Euler characteristics (of groups acting on 
buildings) and growth series of Coxeter groups was first pointed out by Serre 
|38j (in the case where with fundamental chamber i^T is a simplex). Serre 
showed that the "Euler-Poincare" measure on the automorphism group of the 
building is (suitably normalized) Haar measure multiplied by l/VF(q), where, 
as in Section [131 q is the "thickness vector" of the building. 
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Cohomology in dimension The vertex set of S, with its cellulation by 
Coxeter cells, can be identified with W . So, L'^C^(T,cc) — L^- A 0-cochain 
is a cocycle if and only if it is the constant function on W . If c denotes the 
constant, then its norm, with respect to the inner product ( , )q is |c| "^Qw 
and this is < oo if and only if q G 7^ or c = . This proves the following result 
of [27]. 

Proposition 7.5 ([27]) L'^H^{'E) is nonzero if and only if q G TZ. Moreover, 
when q G 7^, = 1/Ty(q). 

Remark 7.6 It is easy to see that the space U (= U(W,Z)) is connected if 
and only if Z is connected and 7^ for each s £ S . (This also follows from 
[13\ Theorem A] or |12^ Theorem 10.1].) Suppose these conditions hold. An 
argument similar to the one in the previous paragraph then shows that L^H^{h() 
is nonzero if and only if q G 7^ and when this is the case, h^{Ll) = 1/W^(q). 

The continuity of Betti numbers 

Theorem 7.7 Suppose (W, S) is a Coxeter system and that U = U{W, Z) is 
as above. Then for each integer i, the function q — > bl^{U) is continuous. 

For the proof we will need the next two lemmas. 

Lemma 7.8 Let Y be a Hilbert space, X a closed subspace of Y , Px the 
orthogonal projection onto X and y gY a unit vector. Set 

A{y) := inf{||x|| \ x e X, {x,y) = 1}. 

Then {Px{y),y) = A{y)^'^ . (By convention, (+00)^^ = O.j 

Proof Put a := {Px{y),y). Since {Pxiy),y) = \\Px{y)\\'^, we see that a > 
with equality if and only if X _L y . Suppose first that a = . Then the left hand 
side of the formula in the lemma is 0. Since X _L y, {||x|| \ x € X, {x,y) = 
1} = 0, so A{y) = +00 and hence, the right hand side is also 0. 

Suppose a > 0. Every x £ X can be written as bPx{y) + x' , where x' _L Px{y). 
Then {x,y) = h{Px{y),y) + {x',y) = ha. (Notice that for x' G X, x' _L Px{y) 
if and only if x' _L y.) So, {x,y) = 1 implies b = - . Therefore, 

A{y) = inf{||x|| | x G X, (x, y) = 1} 

= mi{\\-Px{y) + x'\\ I x' gX, x' LPx{y)} 
a 



\^Px{y)\\ = ^-\\Px{y)\\ = ^ = ^ 
a a a \/a 



So, A(y)"2 = a. 
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Given /-tuples q and q' of real numbers, write q < q' if (7i < q[ for each i £ I . 

Definition 7.9 A function / : ^ R is increasing (resp. decreasing) if 
q < q' implies /(q) < /(q') (resp. /(q) > /(q'))- 

Let I I denote the "maximum norm" on R^ defined by |q| := max{|gj|}. 

Definition 7.10 A function / : R^ — > R is left continuous at qo if for 
any positive number e, there is a positive number 6 so that if q < qo and 
IQo — q| < then |/(qo) — /(q)| < £■ Right continuity is similarly defined. 

Lemma 7.11 If a decreasing function f : R^ — > R is both left and right 
continuous, then it is continuous (and similarly, if f is increasing). 

Proof Given a point qo G R^ and a number e > 0, choose 6 small enough to 
work in the definitions of both left and right continuous at qo . Let d denote 
the /-tuple with each component equal to 6. Assuming / is decreasing, for any 
q in a J-neighborhood of qo, we have 

/(qo) - e < /(qo + d) < /(q) < /(qo - d) < /(qo) + e. 

□ 

Proof of Theorem 17.71 We have spaces of cochains, cocycles and cobound- 
aries: 

: = LlC\U), : = LIZ\U), B]^ : = LIB\U), 

as well as, spaces of chains, cycles and boundaries: 

: = C^, Z^ = LlZ,{U), B^ : = llB^iU) 

(Zq and /?q are defined using the coboundary map 5, while and B^ are 
defined using its adjoint d'^.) We also have their von Neumann dimensions: 

Cq : = dimCq, Zq : = dimZq, Oq : = dim/?q, 

cf : = Cq, : = dim Z^, af : = dim B^, 

where, to simplify notation, we are writing dim( ) instead of dim_\f^( ). 

We note that by formula (|7.13p . q ^ Cq is a continuous decreasing function 
(since each W5(o-)(q) is a polynomial with nonnegative coefficients). 

Claim 1 The function q ^ 2^1 is left continuous and decreasing. 
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Proof of Claim 1 In (|7.9p we defined an isometric embedding <I> of Cq into 
©o-e^(») Lq. Let be the element of ©g-ez'*) ^^^^ cr-component equal to 
ei and all other components equal 0. Then 

Since $(Z^) C «>(C^), we have 

(-f${Z4)(ei),ei)q = (-P$(z^)-P<i>(c^)(ei),-P$(c4)('2i))q- 

All components of the vector P,|,((^^)(ef ) are 0, except the cr-component, which 

is equal to PAs(^)(ei) = as^a) = ^((^5(<7) (q))""^^^'^^) , where 6^ £ is the 
function which is 1 on o" and on all other cells. Thus, 

Since 1/^5(0-) (q) is continuous, we need to concentrate on {Pz^^i^a), Sa)(\- Set 
z'^{q) : = inf {||u||q | u G Zq, (n,5o-)q = !}• By Lemma [7?8t it suffices to prove 
that each of the functions z'^ (q) is left continuous and increasing. Notice that 
if q < q', then 5 Z^, . Moreover, if u E Z^, , then ||u||q < ||u||q', while 
(n, (5o-)q = {u,6a)q' (becausc both are equal to ula)). It follows that z°' is an 
increasing function. 

Now suppose that (q„) is a sequence in converging to q from below (that 
is, each q„ < q) and that Un G Z^^^ is a sequence such that, {un,6cr)q^^ = 1 
(i.e., Unicr) = 1). Further suppose that lim ||itn||q„ = We will show that ^ > 
z'^{q} . (This implies that z"' is left continuous at q.) Write U asU = IJfcLi -^fc) 
where the Kk are finite subcomplexes. Assume that ^ < +00 (otherwise there 
is nothing to prove). This implies that for every k, the restrictions Un\Kk 
are uniformly bounded. Hence, by a diagonal argument, one can choose a 
subsequence (um) such that the Um\Kk converge pointwise for each k. Let u 
be the pointwise limit of Um- Then u is a cocycle and u{a) = 1 (because all Um 
satisfy these conditions). Also, for each k we have ||^i|A'fc||q = 1™ ll^ml-ft'fc llqm ^ 
^. Therefore, ||ii||q < 6.- So, z°'{q) < ||n||q < ^. □ 

Claim 2 q ^ Oq is left continuous and so, q z^ is left continuous. 

Proof of Claim 2 Since is continuous and since Cq = Cq~^ — Zq~^, Claim 
1 implies that Oq is left continuous. We have the Hodge decomposition: Cq = 
Z^ © i?q. So, zf- = Cq — Oq, which is left continuous. □ 
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Claim 3 q ^ is right continuous and decreasing. 

Proof of Claim 3 This is a version of Claim 1 using cycles instead of cocycles. 
Basically, the argument in Claim 1 works provided we use the usual boundary 
map d instead of d'^. To transfer this back into information about , we need 
to use the isometry 6 from the proof of Lemma 17.11 Set 

As before, Cf, and Zf can be embedded into ©^-^^{i) Lq(VF), and = 
E.gzw(^'#(z'>)K),enq- Consider the isometry 6 : ©L2(^) ^ 0L2_,(|y), 
given by 0{f ){w) = (\ujf{w) on each component. By Lemma |7. 11 restricts to 
a map , which intertwines d*^ and d. Therefore, 9{Zf) = Zf . 

Also, e{el) = el, so 0(P^(^.)(ef)) = P^(^,-i^(e?) , and {P^^z^M) , e^) ^ = 

(P -q-i (ej),ej)q-i. (Note that the map $ depends on q; thus, the maps 

on the left hand sides correspond to q, while those on the right hand sides 
correspond to q~^.) Now, the argument from Claim 1 can be repeated. We 
get that (P^.^q-is (ej), is left continuous and increasing in q^^. This 

implies that q (-f$(z'')(^i ^T)q right continuous and decreasing. □ 

Claim 4 q ^ is right continuous and so, q ^ Zq is right continuous. 

Proof of Claim 4 This follows from Claim 3 in the same way Claim 2 fol- 
lowed from Claim 1. □ 

Claim 5 Zq, z^, Oq and are continuous in q 

Proof of Claim 5 The functions Zq and z^ are decreasing and left and right 
continuous; hence, by Lemma [Y.llj continuous. Since Cq is continuous, Oq and 
al are also continuous. □ 

To finish the proof of Theorem 17.71 simply note that ^q(W) = Zq — flq, which, 
by Claim 5, is continuous. □ 

In view of Proposition 17.31 and Atiyah's Conjecture (cf [22 Section 3.10] or 
Chapter 10]), it is natural to ask the following. 



Question Is h]JJJ) a piecewise rational function! 
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8 Weighted L^-homology of ruins 



Cosheaves Suppose A is a simplicial complex with vertex set V and that 
5(A) is its face poset (inchiding the empty face). We regard the poset 5(A) as 
a category in the usual way: if r is a face of a, then there is a unique morphism 
from r to 0" (which we can think of as being the inclusion of vertex sets) . 

A cosheaf on A with values in a category C is a contravariant functor F from 
5(A) to C. In the case of interest to us, C will be the category of Hilbert 
AAq -modules. 

Now suppose that the simplicial complex A is ordered (in other words, suppose 
that its vertex set is totally ordered). Then for any n > 0, the vertices of an 
n-simplex form an ordered set isomorphic to {0, 1, . . . , n} with its usual order. 
For < i < n and any n-simplex a, the i^^ face of a is defined to be the 
(n — 1) -simplex spanned by all vertices of a except the z*^. If one writes di 
for , where r is the i^^ face of a , then the relations between the morphisms 
become the familiar "simplicial identities" as in [421 8.1]. 

A cosheaf F of abelian groups on an ordered simplicial complex A gives rise 
to a chain complex C*(5(A); F) defined as follows: C„ = for ra < 0, and for 
n > 0, 

Cn= F{a), 

crG5{") (A) 

where the indexing set is the set of (n — l)-simplices of A. (The indices on 
have been shifted up by one from the conventions in [19].) Under the natural 
isomorphism 

Hom(C„,C7„_i) ^ Hom(F(a),F(T)), 

crG5(")(A), re5("-i){A) 

the boundary map 9 : C„ — > C„_i corresponds to the matrix ((9crr)i where 
dar = unless r is a face of a, and is equal to (— l)*F(iJ) if r is the ith face 

of (T. 

Ruined chain complexes We return to the situation where {W, S) is a 
Coxeter system, L is its nerve and 5 is the poset of spherical subsets of S . Let 
T e 5 and let Lk(r, L) denote the link of T in L. (If T = 0, Lk(0, L) : = L.) 
We note that the face poset of Lk(T, L) is isomorphic to S>t ■ 

Define a cosheaf Ht of Hilbert AAq-modules on Lk(r, L) as the contravariant 
functor on 5>t defined on objects hy U ^ Hu where Hu is defined by (|5.17p . 
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If f7 < V S>T, then the morphism H^iy) : Hy — > Hjj is the natural 
inclusion. Define the ruined chain complex L'^C.^{Ht) by 

L'^C^{Ht) : = C^{S>T', H). 

It looks like this: 

Q ^Ht ^ HTyj{s} < , (8.1) 

(tu{4)g(5>t)('=+i) 

where k = Card(T) . Similarly, by using the family of Hilbert AAq-modules 
{Au)ueS>T J ^ cosheaf A on Lk(T, L) and a chain complex L'^C^{At) ■ 

We denote the homology of L'^C^{Ht) and L'^C^{At) by L'^H^{Ht) and 
L'^H^,{At) , respectively. 

The relationship between ruins and ruined chain complexes Recall 
that for any [/ C 5 and T £ S{U) , i^{U, T) is the subcomplex of Yi^c consisting 
of all closed Coxeter cells of type T', with T' G S{U)>t- 

To simplify notation, the chain complex L'^C^,{Q{U,T), d{Q{U,T)) will be de- 
noted LqC*(r2([/, T), 9) and similarly for its homology. 

Since the cell structure always will be given by Coxeter cells, we will omit the 
subscript cc from our notation. We say a Coxeter cell is type T, T G 5, as a 
shorthand for type Wr- 
it follows from (j6.5p and the fact that U{Wu, K(U)) deformation retracts onto 
that the AAq[W] -modules L^C^{^{U)) and L2?t:*(i;(C/)) are induced from 
the AAq [Wiy] -modules -LqC*(Svyy) and L'^Ti.^{'Ew^) , respectively. So, we can 
calculate von Neumann dimensions over A/'q[VF] by calculating with respect to 

Lemma 8.1 (i) There is a isomorphism of chain complexes of J\fq-modules: 

where L'^C^{H(ij) is the ruined chain complex associated to the cosheaf 
Hii) on L. 

(ii) Suppose T G S^'^^ . Then induces an isomorphism of chain complexes 
of Mq -modules: 

Lie. {HT)^LlC,+k {n{S,T),d). 
In particular, LlCm{^{S,T), d) = for m < k. 
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Proof (i) For each T £ S modify the isometry iJjt of (|7.1ip to another Hilbert 
AAq-module isomorphism, ip'j, : L'^ (W (T) , fiq) Ht as foUows: 

Mf)--=^WT[q-^)i,T{f) = ^T(r')( fin{T))eu)hT. (8.2) 

is defined to be the direct sum of the V't • Suppose U G 5>0 and T C U is 
obtained by deleting one element from U . Statement (i) follows immediately 
from the next claim. 

Claim The following diagram commutes: 

L^{W{U),f,^) Hu 

L'{W{T),f,^) Ht 

where 9^ denotes the L^(Ty(r), ^q) -component of and i is the natural 
inclusion. 

Proof of Claim Using ([5:2]) and (f710|) . we get 

= WT{q.-')[Yl E ^vq-'f{u{U))eue,)hT 

= T^T(q-')( 5] /(tx(?7))e,)( ^ e,q-'eJ)hT 

ueXu veWunXr 



ueXr, 



where the next to last equality is from the following formula for hu , valid 
whenever T Q U and q G 7^^^ . 

hu = (y Yi e^q'^e^hx- 

v&WunXr 

(This formula holds since Wu^X^ is a set of coset representatives for Wu/Wt 
and since for any v £ Wu H Xt and w £ Wt, we have e^,e^^, = e^yj and 

qv qui qvw • ) 
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(ii) Part (ii) of the lemma essentially follows from part (i). Write for Q(S, T) . 
The point is that the cells of the W{T'), T' G (cS>t)(*+^^ are a basis for 
L\C'{^,dn). Hence, 

LlCi{n,dn) = L\W{T'),fi^) = 0/?T' 

T'e{5>T)(*+i) 

and (i) shows that the d'^ maps are induced by the inclusions Ht" ^ Ht' , 

withT'cT". □ 



Remark The cochain complex LqC*(r2(S', T), d) is obtained by dualizing (|8.ip : 

— > Ht — > Hrpu{s} — > • • • > 

(Tu{4)e(5>T)('=+i) 

where the coboundary maps are induced by the orthogonal projections Hx' — > 
Ht", with T' C T", and k = Card(T). 



The main result of this section as well as the results of Sections 9 through 12 
ultimately are based on the following key theorem from |27j . 

Theorem 8.2 ([271 Theorem 10.3]) If q G 7^, then L\H^{T) is concentrated 
in dimension 0. 



While the proof of this in ^7] is straightforward, some technical estimates are 
involved. In outline the argument goes as follows. 

(a) Using the CAT(O) -metric of [36] it is proved, in [271 Theorem 9.1], that 
there is a chain contraction H : C^CS) — > C^=+i($]) and constants C and 
R such that for any simplex cr C S, (i) the L°°-norm of H{a) is < C and 
(ii) H{a) is supported in an i?-neighborhood of the geodesic connecting 
the central vertex of K with a. 

(b) It follows ([23 Theorem 10.1]) that for q G 7^"^ , H extends to a bounded 
hnear map H : L'^C»{T.) L'^C^+i{T.). (Actually, in |27j, this is only 
proved for a single parameter, but the proof goes through without change 
in the case of a multiparameter q.) Hence, for q G TZ~^ , H is a chain 
contraction of L'^C^{a) with respect to the usual boundary map d. 

(c) Finally, one uses the isometry 9 of Lemma [7. II to transport if to a chain 
contraction of {L'^C^,{a),d'^) for q G 7^. 

The main result of this section is the following generalization of Theorem 18.21 
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Theorem 8.3 Suppose T £ S'-''^ . IfqeTZ, then LlH4n{S,T),d) is concen- 
trated in dimension k. If q£ dTZ, the same holds for L'^Ti.<t:{Q{S,T),d) . 

Note that the thhd sentence of the theorem follows from the second one and 
the continuity of the 6q (Theorem 17. 7p . 

In the special case T = 0, we have Q{S,T) = S and so, Theorem 18.31 is 
Theorem 18.21 We shall use Theorem 18.21 as the first step in an inductive proof. 

Before beginning the proof, note that we have an excision isomorphism: 

LlC,{n{U,T),d) ^ LlC,{^iU),h{U,T)). (8.3) 

Also, for any s £ T and T' : = T — s, we have an excision isomorphism: 

LlC4^{U - s),h{U - s, T')) ^ L\C^{VL{U, T),h{U, T')). (8.4) 

Proof of Theorem [8l3] Suppose C7 C 5 and T G S^^HU). We shall prove, 
by induction on k (= Card(r)), that Ll^^H^{Q{U,T),d) is concentrated in 
dimension k. When = this holds by Theorem 18.21 (and the fact that 
LqC*(S(C/)) is induced from LqC*(Svi/y) ). Assume by induction, that our 
assertion holds for A; — 1 , with k — 1 > . By ()8.3p , the assertion is equivalent 
to showing that L'^H^{Ti{U),Q{U,T)) is concentrated in dimension k. Choose 

an element s £ T and set T' : = T — s, Q : = Q{U, T) , ft' : = Q,{U, T') . Consider 
the long exact sequence of the triple ($]([/), fl, fl') : 

LlH*{j:{u),h') ^ LlH*{^{u),n) ^ LlH*-\n,n') 

By ()8.4p . the right hand term excises to the homology of the {U — s,T')-ruin, 
while the middle term is that of the (f7, T)-ruin and the left hand term is 
that of the (C/, T')-ruin. By induction, the left hand and right hand terms are 
concentrated in dimension k — 1. So, the middle term can only be nonzero in 
dimensions k — 1 and k. On the other hand, by Lemma fS.lT ii). the middle term 
vanishes in dimensions < k. □ 

Combining this theorem with Lemma IS.H we get the following. 

Corollary 8.4 For any q G 7^ and any spherical subset T, L^Hi,{HT) is 
concentrated in dimension 0. Therefore, for any q € 7^, the reduced homology 
L'^TC^:{Ht) is also concentrated in dimension 0. 

The meaning of this corollary is that, for q £ TZ, the family of subspaces 
{Ht)t<^s is "in general position" in L^. 
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9 The Decomposition Theorem 



Lemma 9.1 (Compare Lemma 1 in |39] ) Suppose we are given subsets U, V 
of S and an I -tuple q G TZy n TZ^^ (so that hu and ay are both defined). If 
VnU then huay = 0. 

Proof Let s £ V (lU . Then hrjay = hjjhsasay = 0. □ 

We define some more subspaces of Lq : 

Dv : = As-v n ( ^ As-uY^ 
ucv 

Lemma 9.2 

UDV 

^Dv = As-u- 

vcu 

Proof By definition of Gy , we liave 

Hv = Gv + Hu, 

udv 

and the first formula follows by induction on the size S — V 

As-v = Dv+Y^ As-u, 
Ucv 

and the second formula follows by induction on the size of V . 

Lemma 9.3 Suppose q G 7^ and U '^V . Then 

Guas-v = 0. 

Proof Since Gt Q Ht the assertion follows from Lemma |9. 11 □ 



. Similarly, 



□ 
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If q G TZ, then Hy = for all nonspherical V (because V is spherical whenever 
TZv n TZy^ / 0). So, for V ^ S, Gy = 0, and for ^ = T G 5, Gt is the 
orthogonal complement of the image of d : L^Ci{Ht) —>■ L'^Go{Ht) = Ht\ 
hence, LpioiHT) = Gt ■ 

Denote by i?(A/'q) the Grothendieck group of Hilbert AAq-modules. If F is such 
a Hilbert module, [F] denotes its class in i?(A/'q) . It follows from additivity of 
dimension that the function F — > dim_/Vq F induces a homomorphism dim^Vq ■ 
R{Afq) R. 

Corollary 9.4 For q G 7^ and T £ S, the following formulas hold in the 
representation group i2(A/'q) ; 



[Gt]= <U-T)[Hu] 

U&S>T 

[Ht] = J2 i^u]. 



ueS>T 

Proof Note that in L'^C^^^Ht) the boundary maps are maps of Hilbert AAq- 
modules. Hence, the first formula follows from Theorem l8.4l bv taking the Euler 
characteristics. The second formula follows from this and the Mobius Inversion 
Formula. □ 

Corollary 9.5 Suppose qGTZ andT e S. Then dim^r^ Gt = l^^(q)/l^(q) ■ 
Proof By Lemma EIU] (iii) , dim^f^Hu = l/M^c/(q~^)- So, 

dim^/- Gt= y I = . , 

f;|^^^C/(q ^) W{q) 

where the first equality is by Corollary 19 .41 and the second by Lemma [3?3] (iii) (b) . 

□ 

Lemma 9.6 If qG TZ and U C S , then 



GTas- 



TCU 



is a dense subspace of As-u and a direct sum decomposition. Moreover, if 
T G S, then the right multiplication by as-T induces a weak isomorphism 
Gt — ^ Gto-s—t ■ 
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Proof As in Section[3l Xs~u denotes the set of (0,5 — f7)-reduced elements. 
As in O Ex. 26], Xs-u is the disjoint union of the W'^ , T Q U . Hence, 
Xs-u{^) = Ylrcu^'^i^)- Dividing this by Ty(q) and using Lemma [331 (ii). 
we get 

1 _ ^ w^ici) 



WsM^) ^ W{q) 



By Lemma 19.2 



TeS 

Multiplying on the right by as-u and using Lemma 19.31 we obtain: 



As-u = ^ Gras-u = ^ Gxas-u- 

T£S TCU 

By Lemma 15.91 (iii), 

dim^/- As^u = 77} = V -FTTT^- 

On the other hand. 



dim^Tq Gras-u < dim^Tq Gt 



W{q) ■ 

It follows that each of the above inequalities is an equality and hence, that Gt 
is weakly isomorphic to Gxo-s-T and the sum is direct. □ 



Remark Li what follows we will use the symbol (jj to denote the sum of 



submodules of L\ , once we have proved that the sum is direct. 



Since Gy = for nonspherical V and q G 7^, we can restate Lemma 19.61 as 
follows: 

As-u = l+J Gyas-u- 

vcu 

Letting U = S , we get the following corollary. 



Corollary 9.7 If c^eTZ, then 



vcs 



is a dense subspace of and a direct sum decomposition. 
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The fact that the sum of Gy is direct has the following two corollaries. 
Corollary 9.8 Let A and B he collections of subsets of S . If TZ, then 



1+J G[7 n 1+J Gc; = 1+J Gu 

UeA U£B UeAnB 

Corollary 9.9 If ci ell and V C S , then 



Hv= \S Gu- 

UDV 

Lemma 9.10 If q € ^ and V Q S, then 



Dv = Gyas-v- 
In particular, Dy = if V ^ S . 

Proof Since, by definition, Dy C As-y Dy = Dyas^y and since Dy C 
( Y^ucv ^s-u^ , we have: 

-u^ as-v- 

ucv 

Using equations (I5.19p . we compute: 



j2 As^u) = n As-u = n E 

Ucv Ucv ucVscs-u 



By Corollary ESI H, = l+l^g^Gx- Therefore, 



E^s-u) = n E \sgx= n y 

ucv ucVse{s-u) X5S ucv xpj 

Using Corollary 19.81 we obtain: 



( As-u) = 1+J Gx= \^ Gx- 

ucv xpj \iucv X(tv 



Thus, 



Dy<^\ l+J Gx as-y = ^ Gxas^v- 

yX<tV ) X(tV 
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By Lemma 19.31 the only nonzero term in the last sum is when X = V . There- 
fore, Dv Q Gyag-v- 

To prove the opposite inclusion, note that, by Lemma 19.31 for all [/ <Z V , 
GvCLs-vO'S-U = Gyas-u = 0. Therefore, since ~Kevas-u = we have 

Gyas-y C Ag_jj for all U <Z V . Since Gyas-y ^ As-y , it follows from the 
definition of Dy that Gyag-y ^ Dy . □ 

We shall need the following Decomposition Theorem. (Of course, there is also 
a corresponding version with the Dy replaced by Gy .) 

Theorem 9.11 (The Decomposition Theorem) If q G T^U IZ^^ , then 

Y^Dy 

is direct and a dense suhspace of . Moreover, if q G 7^, then the only nonzero 
terms in the sum are those with V £ S , and if q G TZ~^ , then the only nonzero 
terms in the sum are those with S — V £ S . 



Proof If q G 7^, then we let U = S in Lemma 19.21 to obtain: 



vcs 

The assertion follows, since by Lemma 19.101 all nonspherical V have con- 
tributions, and by Lemmas 19.101 19.61 and Corollary 19.71 the dimensions of the 
nontrivial terms add up to 1 . 



If q G 7^ ^, then the result follows from Corollary 19.71 by applying the j- 
homomorphism. □ 

Corollary 9.12 Let A be a collection of subsets of S and let U Q S . 



If q G 7^U7^-^ then 

fo ifU^A, 



Du ifUeA. 



Corollary 9.13 If q G 7^ U and U O S , then 



Au= l+J Dy. 



vcs-u 
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Corollary 9.14 (Compare Lemma 13.31 and Corollary 19. 5p Suppose T G 5. 

(i) For q e 7^, dimA/-^ Dt = W^{q)/W{q). 

(ii) For q G , dim^, Ds-T = (qT^) /W (qT^) . 

Proof (i) By Lemma [9.10| as-T maps Gt monomorphically onto a dense sub- 
space of Dt- So, dim_Vq -Dt = dim_Vq Gt = W^{q)/W{q), where the second 
equality is by Corollary 19. 5[ 



(ii) For q G 7^ ^ , the following formulas hold in the representation ring R{Mq) , 

[Ds-t]= Y1 <U-T)[Au]. 

U£S>T 

where the first formula is from Corollary 19.131 and the second follows from the 
first by the Mobius Inyersion Formula. So, as in Corollary 19.51 

where the second equality is Lemma 13.31 (iii) (b) . □ 

In Section [11] we will need the following version of Lemmas 19.61 and 19.101 Its 
proof is essentially the same as the proofs of these lemmas, except that we 
use Theorem 19.111 and its corollaries instead of the corresponding statements 
inyolving the G(j . 



Lemma 9.15 (Compare Lemmas 19.61 and r9.10p Suppose q£TZ and [/ C 5*. 
Tiien 

(i) 

E DtHu 

T&S 
TCU 

is a dense subspace of Hjj and a direct sum decomposition. Moreover, if 
T € S , then the right multiplication by Ht induces a weak isomorphism 
Dt — > Dt h-T ■ 

(ii) Gu=Ww. 
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10 Decoupling cohomology 

We retain notation from Sections [6] and [3 e.g., Z is a finite CW complex, 
{Zs)s£S is a family of subcomplexes and U = {W x Z)/ ~. As in (|6.ip . given 
J7 C 5 , denotes the union of mirrors Zs, s (zU . 

For any Hilbert AAq-submodule E of Lq, define 

LlC\U- E) : = ^^^{C\Z) ® E), 

where ^ : L'^C^{U) ^ C'^{Z) ® is the monomorphism defined in (|7.9p . In 
other words, 

LlC\U-E) = ((/),)-i(As(,)ni?), (10.1) 

where 5(c) is the subset of S defined in (|6.3p and 0c : -^^(t^c, ^q) — > ^s{c) is 
the isomorphism defined in ([71). 

Proposition 10.1 Suppose q € TZ\JTZ~^. Then the map $ restricts to an 
isomorphism of cochain complexes: 

L\C*{U- Du)^C*{Z, Z^) ® Du. 

Proof (Compare |13l the proof of Theorem B].) Let c & Z he an z-cell. By 
CoroUarylHSl 

VCS-S{c) 

If c ^ Z^, then S{c) C S-U and therefore, by Corollary Eia As(c)r)Du = Du 
and so, by (jlO.ip . (pc '■ L'^C^{Wc; Du) Du is an isomorphism. If c C 
Z^, then S{c) ^ S - U and therefore, As(^c) r\ Du = and so, by (fTOl^ . 
LlC'{Wc;Du) = 0. Hence, a cochain in C''{Z) <g) Du is in the image of the 
restriction of $ if and only if it evaluates to on the orbit of every z-cell 
cCZ^. □ 

Suppose q € 7^U7^-^ Let @u ■ C*{Z, Z^) (g> Du ^ LIC*{U;Du) ^ C*(U) 
be the inverse of the isomorphism of Proposition 110. 1[ Define 

9: ^C*{Z,Z^)®Du^LlC*{U) 

ucs 

to be the sum of the @u- 
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Proposition 10.2 Jf q G 7^ U , then 

6: ^C*{Z,Z^)^Du^LlC*{U) 

ucs 

is a weak isomorphism of cochain complexes of Hilbert M^-modules. 
Proof We have: 

LlC*{U-Du) = LlC*{U- Du). 

ucs ucs 

By the Decomposition Theorem (Theorem 19. lip , we have a weak isomorphism, 
L'^C*{U; ® Du) L'qC*{lA) . Combining this with the isomorphism of Propo- 
sition [inTl the proposition follows. □ 

A weak isomorphism of chain complexes of Hilbert modules induces a weak 
isomorphism on the level of reduced cohomology ( Lemma 5] ) . Furthermore, 
if two Hilbert AAq-modules are weakly isomorphic, then they are isometric ( [29^ 
Lemma 2.5.3]). So, we have the following corollary to Proposition 110.2] 

Theorem 10.3 ((Compare [l3], O Theorem A])) 

(i) If q G 7^, then 

L\n*{U) ^ H*{Z, Z^) Dt. 
Tes 

(ii) If q G 7^"^ then 

L\7e{U) ^ H*{Z, Z^-^) ® Ds-T- 

The special case U = is the following. 
Theorem 10.4 

(i) (Theorem [U or [27* Cor. 10.4]) If q G 7^, then L\H*{Y.) is concentrated 
in dimension and 

LlH\T.) = Lln\^) = As. 
So, 50(S) = Xq(S) = 1/W^(q) = dim^^As. 
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(ii) If q G 7^-^ then 



So, 




where b\K, K^-"^) = dimR H\K, K^~^; R) . 



(In the formula for fcq(5^) in Theorem 110.41 (ii) we have used the formula for 
dinij\f^ Ds-T from Corollary 19.141 ) 

11 A generalization of a theorem of Solomon 

When W is finite and q = 1, L. Solomon [39j proved some results very similar 
to the Decomposition Theorem (Theorem 19. lip . In this special case, formulas 
(|5.7p and (|5.1ip for the idempotents a-r and hx become 



and we recognize qt and /it as the familiar elements of "symmetrization" and 
"alternation" in the group algebra R[IVt] • 

Solomon's Theorem I39\j Suppose W is finite. Then there are direct sum 
decompositions of the regular representation: 




L\W) 



L^iW)aThs-T, 



TCS 



L^{W) 



L'^{W)hs-TaT- 



TCS 



Our generalization of Solomon's Theorem is the following. 



Theorem 11.1 (i) Jf q G 7^, then 




are direct sum decompositions and dense subspaces of Lq. 



52 



(ii) If q G 7^"^ then 

L\hs-Ta.T and ^ L^arhs^T 

are direct sum decompositions and dense subspaces of L^. 

This is an immediate consequence of Corollary 19.7^ Theorem 19.111 and the fol- 
lowing theorem. 

Theorem 11.2 Suppose T eS. 

(i) If c[£TZ, then L'^as-rhr = Gt and L'^hxas-T = Dt- 

(ii) If q G TZ^^ , then L'^axhs-T = Gs-t and L'^hs-T^T = Ds-T- 

Proof (i) Suppose q G 7^. By Lemma [9.6| right multiplication by as-T is 
a weak isomorphism from Gt to Gtcls-t- So, by Lemma [9.101 L'^Htus-t = 
Gtcls^t = Dt- Similarly, by Lemma [9. 151 L\cLs-ThT = Gt- 

(ii) Applying the j -isomorphism to the two equations in (i), we get the two 
equations in (ii). □ 



Remark 11.3 It seems probable that L'^as-i/hu = Gu and L'^huas^u = Du 
whenever q G TZs-u ^T^u^ (so that hjj and as-u are both defined). 

Remark 11.4 In [32j Kazhdan and Lusztig study the regular representation 
of the Hecke algebra Rq[VF] on itself and they generalize Solomon's Theorem 
in a slightly different direction. W can be infinite. First, they define a basis 
{Cw}wew for Rq[Vr], called the "Kazhdan-Lusztig basis." It has many good 
properties. Next they partition of W into "left cells." This partition is strictly 
finer than the partition of W into the W'^ , T G 5. Given a left cell Z, they 
define a certain subquotient Zz/I'z of Rq[VF] such that {Cw}wi=z projects to 
a basis for the subquotient. If we sum these representations over all Z C W"^ , 
we obtain a representation analogous to our Ds-t- (Compare [E].) So, our 
Decomposition Theorem (Theorem 19. lip is a partial generalization of Kazhdan- 
Lusztig theory to the Hecke - von Neumann algebra AAq. It seems likely that 
left cells can be used to get a further direct sum decomposition of the Ds-t, 
although we do not yet know how to prove this. 
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12 Relationship with ordinary homology and coho- 
mology with compact supports 

As in Section [6l Z is a CW complex which is a strict fundamental domain for 
a VF-action on U {=U{W,Z)). 

Theorem 12.1 (i) For q £ TZ, the canonical map, can : H^,{U;IV) — > 
L1J-L^{U) , is an injection with dense image. 

(ii) For q G TZ^^ , the canonical map, can : H*{U;'R) L'^Ti.*{l{), is an 
injection with dense image. 

Proof First, using [T3], we prove statement (ii) for cohomology with compact 
supports. Given w G W , let ln{w) € 5 be as in Section [2] and let Q^; be the 
"positive" fundamental domain for Wjn(^) on U, containing the chamber Z. 
(So, Qw = ^^/PFin(ji)) •) Let qyj : U ^ wQw denote the composition of projection 
onto with translation by w. The composition of the map induced by 
with the excision isomorphism C^{wQyj,wQw — Z) = C^{wZ,wZ^^^'^^^'') = 
a(Z,Z^-i°("')) induces a chain map : C^U) C^Z, Z^-^""^""^) . For each 
T gS, define : C*{Z, Z^-^) ® R(^^) ^ Cl{U- R) by c ^ p;(c) and 
extending linearly. In other words, p^{c ® e^) = e^aT(c) , where ot is defined 
by (|5.4p (and where e^ciT acts on C*{1{; R) as an element of the group algebra 
R[VF] , not as an element of the Hecke algebra), p^ will also denote the induced 
map on cohomology. It is proved in [H] that ®p^ : ®H*{Z, Z^~'^) ® R(^^) 
H*{U) is an isomorphism. Computations similar to those in Section [TOl give an 
isomorphism Lps-T ■ Lpi*{l{;Gs-T) ^ H*{Z,Z^-^) ® Gs-t- It follows that 
we have a commutative diagram: 

ei7*(Z,Z^-^)55R(^^) ^ H*{U-K) 

can 

®H*{Z,ZS-^)^Gs-T ®Lln\U-Gs-T) 

Here tts-t is the coefficient homomorphism induced by orthogonal projection 
Lq Gs-T and g : = Qgr , where gr ■ R^^^^ Gs —X is induced by Cyj — > 
Cwaxhs-T ■ In other words, up to weak isomorphisms of AAq-modules, the 
canonical map H*{1J; R) — > L'^Tl*{l/() is identified with g. By Theorem II 1 . 2 1 ( ii) . 
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for q G 7^ ^ , {e^aT^is-Tluieiy^ spans a dense subspace of Gs-t- Hence, each 
qt is injective with dense image. This proves (ii). 

The canonical map in (i) is induced by the composition of chain maps: 

(C.(ZY;R),a) ^ {Ll^,C.{U),d)^Ll[C,{U),d^), 
where the second map is the isomorphism of Lemma 17.11 For each T S 5 , let 

hr '■ = ^ £we-w 

w&Wt 

and let hr : C^{Z, Z^) ® R(^^) ^ C^{U- R) be defined by 
The element fiT defined in (|5.8p ) differs from hx by inserting a q^^ in front of 
each Cm ■ By [13] , the induced map in homology ©(/it)* : H^Z, Z^)(g)Ti^^^^ 
-ff*(Z^;R) is an isomorphism. Hence, the map induced by is also an 

isomorphism. We have a commutative diagram: 



®H.{Z,Z'^)®Dt ^^^^ ®Lln.{u-DT) 

Here tt^ is the coefficient homomorphism induced by orthogonal projection 
Dt and Qt is the isomorphism of Section [lOl Also, d : = (Bdx , where 



dx : R^^ -* —>■ Dt is induced by — > e^hTas-T ■ In other words, up to 
weak isomorphisms of AAq-modules, the canonical map H*{U;'R) L'^Ti.*{U) 
is identified with d. By Theorem 111.21 (i), each dj- is injective with dense 
image. □ 



13 L^-cohomology of buildings 

As in [37J , a building consists of the following data: 

• a set , 

• a Coxeter system (W, S) , 

• a collection of equivalence relations on <I> indexed by 5. 

• a function 5 : ^ x ^ ^ W . 
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This data must satisfy certain additional conditions which we will explain below. 
One condition is that for s G S, each s -equivalence class contains at least two 
elements. 

The elements of $ are called chambers. Given s € S , two chambers ip and 
arc ,s -equivalent if they are equivalent via the equivalence relation corresponding 
to s. If, in addition, ip ip' , they are s -adjacent. A gallery is a sequence 
{ipo, . . . , (fn) of adjacent chambers; its type is the word (si, . . . , Sn) in the letters 
of S, where (fi-i and (pi are Sj-adjacent. Given T G S, {(pQ, . . . ,(pn) is a T- 
gallery if each Sj G T. The gallery is reduced if = si • • • s„ is a reduced 
expression. 

Another condition for $ to be a building is that there exist a W -valued distance 
function S : $ x $ — PF. This means that there is a reduced gallery of type 
(si, . . . , Sn) from ip to ip' if and only if si • • • is a reduced expression for 
S{(p,(p'). 

The s -mirror (or "s-panel") of a chamber ip is the s-cquivalence class con- 
taining (p. More generally, given a subset T C S, the T -residue of ip is the 
T-gallery connected component containing ip. Each such T-residue is naturally 
a building with associated Coxeter system {Wt,T). The residue is spherical if 
T is a spherical. 

Example 13.1 (Trees). Suppose W is the infinite dihedral group (so that 
Card(5) = 2). Any tree is bipartite, i.e., its vertices can be labeled by the two 
elements of S so that the vertices of any edge have distinct labels. Suppose T 
is a tree with such a labeling and suppose no vertex of T is of valence 1 . Let 
<I> be its set of edges. Given s G S, call two edges s -equivalent if they meet at 
a vertex of type s. An {s}-residue is the set of edges in the star of a vertex 
of type s . A gallery in $ corresponds to an edge path in T . The type of the 
gallery is the word obtained by taking the types of the vertices crossed by the 
corresponding edge path. This word is reduced if and only if the edge path does 
not backtrack. Given two edges ip, ip' of T, there is a (unique) minimal gallery 
connecting them. The corresponding word represents an element of w e W 
and 5{ip, ip') : = w. Thus, every such tree T defines a building of type (W, S) . 
Not surprisingly, we will define the "geometric realization of a building" so that 
for the building $ corresponding to T, its geometric realization will be T. 

A building $ of type {W,S) has finite thickness if for each s e S, each s- 

equivalence class is finite. If $ has finite thickness, then it follows from the 
existence of a Vl^-distance function that each of its spherical residues is finite. 
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Let us say that <I> is regular if for each s £ S , the s-equivalence classes have 
constant cardinahty. When finite, we denote this number by + 1 • It is known 
([37]) that if s and s' are conjugate in W, then Qs = q^i . Let / be the set 
of conjugacy classes of elements in S. Then for any regular building the 
integers qg define an /-tuple q called the thickness vector of 

A group G of automorphisms of a building is chamber transitive if it acts 
transitively on <I>. When this is the case, we have ^ = G/B, where B denotes 
the stabilizer of some given chamber C. If Gg denotes the stabilizer of the 
s-mirror containing C, then the chambers gC, and g'C are s-equivalent if and 
only if g and g' belong to the same coset of Gg- Obviously, if G is chamber 
transitive, then the building is regular. For the remainder of this section, we 
suppose that ^ has finite thickness and that G is chamber transitive. 

Given a subset T of S", denote the stabilizer of the T-residue containing by 
Gt ■ Thus, GiD = B and Gj^} = Gg- If $ has finite thickness and T £ S , then 
the number of elements in a T-residue is CaTd(GT / B) . (This number is known 
to be Wr(q)-) 

Fix a chamber G <I> and let r (or ) denote the function $ — > Vl^ defined by 
ip 5(C, ip). Since $ = G/B , we can regard r as a function from G/B to W . 
Since B fixes C;'^ - G/B ^ W is i? -invariant. In other words, r induces a 
map r : B\G/B W. 

A Tits system is a quadruple (G, B, N, S) , where G is a group, B and N are 
subgroups of G, W : = N/NCiB, 5 is a subset of W and where the conditions 
listed in [5, pp. 15-26] are satisfied. Given w gW, put C{w) := BwB. The 
conditions imply that 

• For each s G S", Gg : = BU C{s) is a subgroup of G. 

• iW, S) is a Coxeter system. 

• There is a building with set of chambers G/B such that two chambers 
gB and g'B are s-equivalent if and only if gGg = g'Gg- 

• Suppose r : G/B — > is defined by gB 6{B,gB) where 6 is W- 
distance in the building. Then the induced map r : B\G/B W is a 
bijection. 

One says that the building comes from a BN -pair. 

Definition 13.2 The Coxeter system {W,S) is right-angled if rUst = 2 or oo 
for each pair s,t of distinct elements in S . 
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Example 13.3 {Regular right-angled buildings, [15, pp. 112-113]). For any 
right-angled Coxeter system {W,S) (cf. Definition 113. 2p and any 5-tuple q = 
{qs)s<=s of positive integers, there is a regular building $ of type {W,S) with 
thickness vector q. In the case where W is the infinite dihedral group this is 
well-known: as in Example 113. 11 the building is a (bipartite) tree with edge set 
$ , it is "regular" in the sense that for each s £ S there are exactly (7s + 1 edges 
meeting at each vertex of type s. 

In the general case, the construction goes as follows. For each s £ S , choose a 
finite group F^ with Card(Fs) = 5^-1-1 and let F be the "graph product" of 
the (Fs)sg5' where the graph is the 1-skeleton of L. In other words, F is the 
quotient of the free product of the (Fs)sgs by the normal subgroup generated 
by all commutators [gs,gt] with gg GTg, gt & Ft and nigt = 2. As in [15], we 
get a building with $ = F and with two elements g,g' gT in an s -equivalence 
class if and only if they determine same coset in F /Tg . We leave the following 
two facts as exercises for the reader: 

• Two regular right-angled buildings of a given type (W, S) are isomorphic 
if and only if they have the same thickness vector. 

• Any regular right-angled building comes from a BN-pair. In other words, 
its full automorphism group G is chamber transitive and if B denotes 
the stabilizer of a given chamber and the stabilizer of some apartment 
containing that chamber, then there is a set of generators S for W : = 
N/N nB so that (G, B, N, S) is a Tits system. 

Hecke algebras and functions on B\G/B This paragraph is taken from 
IF, Ex. 22, pp. 56-57]. 

Suppose G is a topological group and B is a compact open subgroup. Let 
G{G) denote the vector space of continuous real- valued functions on G. Let 
a : G ^ G/B and (3 : G ^ B\G/B be the natural projections. Define 
subspaces H C L <^ C{G) by 

L : = a*R(^/^) andH:= /3*R(^\«/^), 

where, as in Section HI for any set X , TL^-^^ denotes the vector space of finitely 
supported functions on X . 

For each gB £ G/B, let ags £ L he defined by agsix) = 1 for x G gB and 
cLgsix) = for X ^ gB. Since (fflgs) is a basis for L, there is a unique linear 
form on L such that ags 1 for all gB G G/B. We denote this form by 
ip ^ J if (since it coincides with the Haar integral normalized by the condition 
that j as = 1). 
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if £ L and ij) £ H ^ then for each x £ G , the function 9x ■ G — > R, defined by 
(^x{y) = , belongs to L. The function ip*ip : x — > J ip{y)ip{y~^x)dy 

also belongs to L. Moreover, £ H , then ip*^ E H . The map (99, tp) — > (^*-(/; 
makes -ff into an algebra and L into a right i^-module. -ff is called the Hecke 
algebra of G with respect to B. 

Next, suppose that G is a chamber transitive automorphism group on a building 
and that r : G/B W is defined by taking the -distance from the chamber 
corresponding to B . Let 7 : = r o a : G^W and J : = 7*(R(^)) C H. 

Remark If (G, B, N, S) is a Tits system, then r : B\G/B -^Wisa, bijection 
and hence, J = H . 

Lemma 13.4 Suppose, as above, that a given building admits a chamber 
transitive automorphism group G (so G/B is the set of chambers). Let q be 
the thickness vector. Then 

(i) J is a subalgebra of H and 

(ii) J ^ Rq[VF] , the Hecke algebra of Section H 

Proof Since G is chamber transitive, 7* : R'^'^^ ^ J is an isomorphism of 
vector spaces. So, we only need to check that 7* is an algebra homomorphism 
from Rq[l^] to H. Let = 'y*{ew). Then fw is the characteristic function 
oi {g £ G \ r{gB) = w} . In particular, for each s S 5, fs is the characteristic 
function of G.^ — B . We want to see that 



fw * fs 



\ fws, if l{ws) > l{w); 

\qsfws + {qs-'^)fw, iil{ws)<l{w). 
By definition of convolution, 



{fw*fs){g)= / fw{x)fs{x g)dx = I U{gu)fs{u )du = I f^,{gu)du, 
JG JG JGs-B 

which is equal to the Haar measure of the set 

Ug: = {u£Gs-B \ r{guB) = w}. 

Let Go : = g^B be the chamber which is s-adjacent to gB and which is closest 
to B. There are qs other chambers adjacent to gB . We list them as: Gi = 
giB, . . . , Cq^ = gq^B . So, for i > Q, r{Ci) = r{Go)s. Notice that if n G G^ — -B, 
then guB is s-adjacent to gB and therefore, guB is equal to some Gj. So, if 
r{guB) = w, then r[gB) = w ox ws. In other words, if r{gB) {w,ws}, then 
{fw * fs){g) = 0. We now consider two cases. Each case further divides into 
two subcases depending on whether r{gB) = w or ws. 
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Case 1 l{w) < l{ws) . In this case r(Co) = w and r{Ci) = ws for i > 0. 

a) Suppose r{gB) = w. Then gB = Cq and guB = Ci for i > 0, so that 
r{guB) = ws. Thus, Ug = $ and {U * fs){g) = 0. 

b) Suppose r{gB) = ws. Then gB = C^, for some A; > 0, and 

Ug = {ueGs-B\guB = Co} = (G, - B) n g'^goB. 

Since gB and goB are s-adjacent and not equal, g~^gQB C Gg — B, so that 
Ug = g~^goB has measure 1. Therefore, {fw * fs){9) = 1- So, in Case 1, 

fw * fs — fws ■ 

Case 2 l{w) > l{ws). In this case r(Co) = ws and r{Ci) = w for i > 0. 

a) Suppose r{gB) = w. Then (jii? = Cfc for some A; > 0. So, the set 

Ug = [j{u^Gs-B\guB = Ci}= [j g-^giB 

has measure qg — I. 

b) Suppose r{gB) = ws. Then gB = Cq, and the set 

Ug = [_}{u ^Gs-B\guB = €,} = [_} g'^g.B 

0<i 0<j 

has measure qs . So, in Case 2, f^* fs = qsfws + {Qs - l)/u. ■ □ 

The geometric realization of a building Suppose $ is a building with 
associated Coxeter system {W, S) . As in Section [21 let K be the geometric re- 
ahzation of S and S the geometric realization of WS. By ()6.4p . S = U{W, K) , 
where U{W, K) = {W x K)/ ~ and where ~ is the equivalence relation defined 
in the beginning of Section[6l Following [151 pp. 117-118], define the geometric 
realization of "I? to be 

U{^,K) = {^xK)/ ^, (13.1) 

where x) ~ {ip',x') if and only if x = x' and ip,ip' belong to the same 
5(3;) -residue. (5(x) is defined in (|6.2p .l 

Since K only involves the spherical subsets of S, U{^,K) only involves the 
spherical residues of <I>. It follows that if $ has finite thickness, then U{^,K) 
locally finite. 

We often write X shorthand for U{^, K) . 



60 



The von Neumann algebra of G Next suppose G is a chamber transitive 
group of automorphisms of <1> and that B is the stabilizer of some fixed chamber 
C- G acts as a group of homeomorphisms of X, so give it the compact-open 
topology. Then S is a compact open subgroup. Let /i be Haar measure on G, 
normalized by the condition that ^{B) = 1. 

We have the left regular representation of G on L?'{G). The von Neumann 
algebra N{G) consists of all G-equivariant bounded linear endomorphisms of 

Any a G A/'(G) is represented by convolution with some distribution . This 
distribution need not be a function. For example, if a is the identity map on 
L'^{G), then /„ = Si (the Dirac delta). One would like to define the "trace" 
of a to be /q.(1) whenever is a function. However, since fa is well-defined 
only up to sets of measure 0, we must proceed slightly differently. 

Suppose a is a nonnegative self-adjoint element of AA(G) . Let (3 be its square 
root. If fp is a function, then put 

This extends in the usual fashion to give a "trace" on (n x n) -matrices with 
coefficients in M{G). If F is a closed G-stable subspace of 0-L^(G) and 
TTy '■ ^L^{G) — > 0L^(G) is orthogonal projection, then the von Neumann 
dimension of V is defined by 

dim^(G) ^ : = trAr{G) ^^V- 

We identify L^(<I>) = L?'{G/B) with the subspace of L'^{G) consisting of the 
functions which are constant on each right coset gB , g G G . Orthogonal projec- 
tion from L'^{G) onto L?'{G/B) is given by convolution with the characteristic 
function of B . In view of the assumption that ii{B) = 1, 

dim^(G) L\G/B) = l. 

The map r : G/ B W defined by the VF-distance from the base chamber 
induces a bounded linear map Lq(VF) — > L?'{G/B) which we shall also denote 
by r. Since this map takes bounded elements of Lq(H^) to bounded elements 
of LP'{G/B), we get the following version of Lemma 113.41 

Lemma 13.5 The map r : L^^iW) L?'{G/ B) induces a monomorphism of 
von Neumann algebras r : AAq AA(G) . (In particular, r commutes with the 
* anti-involutions on AAq and AA(G) .) 
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L?C*{X) denotes the Hilbert space of square summable simplicial cochains on 
X and 7i*{X) denotes the subspace of harmonic cocycles. (Of course, the 
T-L*{X) are isomorphic to reduced cohomology groups of the cochain complex 
LP'C*{X) .) Supposing G is a chamber transitive automorphism group, we have 

L^C\X) = L\G/G„) C L\G), 

where Go- : = ^5(0-) is the stabihzer of the i-simplex a. {S{a) is the spherical 
subset defined in (|6.3p .) One then defines the L^-Betti numbers of X with 
respect to G by 

6*(X;G)=dim^(G)W^(X), 

The map r : X ^ Ti induces a map on cochains which we denote by the 
same letter, i.e., r is a cochain map from LqG*(S) to Lp'C*{X). We also have 
"transfer maps" on chains and cochains. On the level of chains, the transfer 
map sends a cell c of S to r~^{c)/ Card(r^"'^(c)) . On the level of cochains, the 
transfer map t : L'^C*{X) L\C*{T.) is defined by 

i(/)(c):=7^-T7^3TTTTE 
Lard(r ^(cj) ^-^ 

where the sum is over all c' G r~^(c). (The orientations on the c' are induced 
from the orientation of c.) Note that Card(r~^(c)) = ;Uq(c), where /Uq is the 
measure on Wc defined in (j7.ip (i.e., if c = wa with w (0, 5(0")) -reduced, then 
Atq(c) = qw)- 

Remark Suppose X is the geometric realization of a building associated to 
a Tits system {G,B,N,S). Then L'^C*{J:) can be identified with the B- 
invariant cochains Lp'C*{X)^ and the map r : LqG*(E) — > L'^C*{X) with the 
inclusion of the 5-invariant cochains. The map t : L?'G*{X) L'^C*(T,) is 
then identified with averaging over B . In other words, if S is identified with a 
subspace of X via some section of r : X ^ T,, then 

turn = I fixc)dt,. 

Lemma 13.6 (i) tor = id: L\G\T.) L\C\T.) . 

(ii) The maps r and t are adjoint to each other. 

(iii) These maps take harmonic cocycles to harmonic cocycles. 
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Proof Statement (i) is obvious. 

(ii) For / G LlC'{^) and /' G L^C^X), we have 

= E E 

cGS(') c'er-i(c) 

= E Card(r-nc))[/(c)][t(/')(c)]= E /^q(c)[/(c)][t(/')(c)] 

= (/,i(/')>- 

(iii) Since r : LqC*(S) ^ L^C*(X) is induced by the simpUcial map r : X ^ 
S , it takes cocycles to cocycles. We must show it also takes cycles to cycles. If 
c' G X^*"^-* and d! £ X^^^ and if the incidence number [c' : d'] is nonzero, then 
it is equal to [r(c') : r{d')]. Hence, 

dirifW) = E[c : d']f{r{c')) = El^ : = ^''im, 

where c = t(c'), d = r{d') and the last equality comes from the definition given 
in equation (|7.5p . So, d^{f) = implies that 9(r(/)) = 0. Since t is the 
adjoint of r, it also must take cocycles to cocycles and cycles to cycles. □ 

Consider the diagram: 

L2C7*(S) ^ L^C*{X) 



where p and P denote the projections onto harmonic cocycles. 
Lemma 13.7 P o r = r o p. 

Proof Let x G LqC*(S). It is enough to show that P o r{x) — r o p[x) is 
orthogonal to any harmonic cocycle h G 7i*{X). We have: {P o r{x),h) = 
(r(x),P(/i)) = (r(x),/i). Hence, 

{P o r(x) — r o p{x), h) = {r{x — p{x)), h) = {x — p{x), h) = 0, 

where the second and third equalities follow, respectively, from parts (ii) and 
(iii) of Lemma 113.61 □ 
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Theorem 13.8 Suppose <I> is a building with a chamber transitive automor- 
phism group G and with thickness vector q. Then the L^-Betti numbers of X 
(= K) ) equal the L^-Betti numbers of S, i.e., 

6^(X;G)=6^(S). 



Remark This theorem is proved in [27^ Fact 3.5] in the case where the building 
comes from an i?A^-pair. Here we use Lemma 113.71 to weaken the hypothesis 
to the case of an arbitrary chamber transitive group G. The key technique of 
|27j of integrating over B is replaced by the use of the transfer map t. 



Proof of Theorem 113.81 For each simplex a in the fundamental chamber K , 
consider the commutative diagram: 



LliW) 



L'^{G/B) 



where S{a) := {s ^ S \ a C Kg}, where ^^(o-) and Gs[cj) are the isotropy 
subgroups of fj in and G, respectively, where the vertical maps are orthog- 
onal projections and where r (= r*) is the map induced by r : G/B — > W . 
Let cb £ L'^{G/B) denote the characteristic function of B and let 6^ be its or- 
thogonal projection in Lp'{G/Gg(^„-^). (eo- is the characteristic function of Gg^^-^ 
renormalized to have norm 1.) We note that is the image of the basis vector 
ei E L?'{W) under r and is the image of ag(^^y We have the commutative 
diagram: 



®Ll{W) 



- L'G^iX) = 0l2(G/G5(.)) 
p 

L\w{^) ^ n\x), 

where the sums are over all a G Let e G @ L'^{G/Gs[a)) denote the 

vector {ea)^^j^ii) and let a G ® L\{W /Ws(^a)) be the vector (a5(<7))CTGi^(') • 



64 



(So, r(a) = e.) Using Lemma [13.61 we get 
b\X;G) :=dim^(G)W^(X) 

= (^(e),e) = (Pr(a),r(a)) = (rp(a),r(a)) 
= (p(a),tr(a)) = (p(a),a) = dim^^ Lln\^) 
: = 6^(S). 



The Decomposition Theorem for L'^{G/B) As above, G is a chamber 
transitive automorphism group of a building $ . For each T E S , let 

At ■. = L^{G/Gt) = L^{Gf^ 

be the subspace of L?'{G/ B) consisting of the square summable functions on G 
which are constant on each coset qGt ■ Set 

Ds-T : = At n ( Yj 

Ds~T is a closed G-stable subspace in the regular representation. (It corre- 
sponds to the AAq-module Ds-t defined in Section O) 

Theorem 13.9 (The Decomposition Theorem for Lp'{G/B)) Suppose G is a 
chamber transitive automorphism group of a building <I> and B is the stabihzer 
of a chamber. If the thickness vector q lies in TZ^^ , then 

Tes 

is a dense subspace of L'^{G/B) and a direct sum decomposition. 



Given a module M and a collection of submodules {Ma)aeA? the statement 
that {Ma)aeA gives a direct sum decomposition of M can be interpreted as a 
statement about chain complexes as follows. Set 

Ci : = M„ and Gq:=M, 

where ^ means external direct sum. Let d : Ci ^ Co be the natural map. 
This gives a chain complex, C,, : = {Co, Ci} , with nonzero terms only in degrees 
and 1 . The statement that the internal sum ^ Mq, is direct is equivalent to 
the statement that d is injective, i.e., that H^,{C^) vanishes in dimension 1. 
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The statement that the Mq, span M is equivalent to the statement that d is 
onto, i.e., that H^{C.;f) vanishes in dimension 0. Similarly, if M and the 
are Hilbert spaces, then the statement that Ma is dense in M is equivalent to 
the statement that the reduced homology Ti.^{C^:) vanishes in dimension 0. 

Proof of Theorem 113.91 The map r from Lemma 113.51 takes Arp to Af and 
Ds-T to Ds-T- Define chain complexes = {Co,Ci} and C* = {Co,C— } 
by 

: = Ds-T and Co : = L\G/B) 

Ci : = i?5-T and Co: = LliW), 

Tes 

where the boundary maps Ci — > Cq and Ci — > Co are the natural maps. By the 
Decomposition Theorem for Lq (Theorem 19. lip . Ti.<t:{C^) vanishes identically. 

So, by the proof of Theorem 113.8^ T-L:i,{Cif) has dimension with respect to 
N{G) and hence, also vanishes identically. The theorem then follows from the 
previous paragraph. □ 

Decoupling cohomology As in Section [6l suppose we are given a finite CW 
complex Z and a family of subcomplexes {Zs)s^s- As in ()13.ip . given a building 
define its Z -realization to be 

U{^,Z) = X Z)/ ~, 

where {'■p^x) ~ {ip',x') if and only if x = x' and v', belong to the same 
S'(x) -residue. 

The proof of Theorem 110.31 goes through to give the following two results. 

Theorem 13.10 Suppose <I> is a building with a chamber transitive automor- 
phism group G and that its thickness vector q hes in TZ~^ . Then there is an 
isomorphism of orthogonal G -representations: 

n*{U{^, Z)) ^ H*{Z, Z^-^) ® Ds-T- 

Corollary 13.11 (Compare [20j and [281 Cor. 8.2 and Prop. 8.5]) Suppose 
$ is a building with a chamber transitive automorphism group G and that its 
thickness vector q lies in TZ^^ . Then, for X = U{^, K) , there is an isomorphism 
of orthogonal G -representations: 

n*{X) ^ H*{K, K^-^) (g, Ds-T- 
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14 The case where L is a sphere 



A simplicial complex A is a generalized homology m-sphere{ioT short, a GHS"^) 
if it is a homology m -manifold having the same homology as S"^ . This is 
equivalent to the condition that, for each T G '5(A), Lk(r, A) has the same 
homology as . 

Similarly, a pair(A, 5A) is a generalized homology m-disk (for short, a GHD"'') 
if it is an acyclic homology m -manifold with boundary. 

From now on, when we say that a complex is a generalized homology sphere 
or disk or that it is a homology manifold, we only require that it he one with 
respect to homology with real coefficients. (This is all that is needed to insure 
that Poincare duality holds for the (weighted) L^-cohomology of various related 
complexes.) 

If the nerve L of {W, S) is homeomorphic to S'^~^ , then S is a contractible 
n-manifold. If L is PL-homeomorphic to S^~^ , then each face Kt of the 
fundamental chamber is a PL-disk of codimension Card(T) . Similarly, if L 
is a GHS^~^ , then S is a contractible homology n-manifold and each Kt is a 
contractible GHD''-^^"^^'^\ (See [iSKlB].) 

For the remainder of this section suppose that L is a GHS^"^ . 

Poincare duality It is proved in ^27j that Lq'H*(S) satisfies Poincare duality, 
where the duality changes q to . We repeat the argument below. 

For each T £ S and w G W, the subcomplex wKt is the "dual cell" to 
the Coxeter cell w{T) (defined in Sections [6] and [7]) . (Strictly speaking, wKt 
is not a cell unless Lk(r, L) is a PL-sphere; however, since {Kt^OKt) is a 
GHD"'~'^^^'^^'^\ the wKt behave homologically as if they were dual cells.) 
The chain complex obtained by partitioning T, into these "dual cells" is de- 
noted L'^G^:{T,gh(i) in [27J. It is naturally identified with the cochain com- 
plex LqC"~*(yl0) associated to the cosheaf A on L, defined in Section [51 By 
Lemma [8TT] (ii). LqC*(Scc) is identified with the chain complex Ll^C^{H(jj) as- 
sociated to the cosheaf H on L. It is proved in [27] that the chain complexes 
LldJ^ghd) and L2C,(S cc) are both chain homotopy equivalent to ijqC,,(S), 
the chain complex defined via the standard simplicial structure on S. (This 
simplicial structure is a common subdivision of T,ghd and Sec-) Hence, all three 
complexes have the same homology. The map L'^C"'~*{T,ghd) — > -^^q-i C** (Sec) , 
induced by wK^ — > ^{T) is a chain isomorphism. (When viewed as a map 
LqC*(A0) — > L^_iC*(ff0), it is induced by the j-isomorphism of Section [5l) 
So, we have proved the following. 



67 



Proposition 14.1 ([27, Theorem 6.1]) Suppose the nerve L of {W,S) is 
a GHS^~^. Then there is j -equivariant isomorphism from the Hilbert Mq- 
module L'^TLki^) the Hilbert Af^^-i -module L^_i'H„_fc(S) (where j is the 

isomorphism of Section Hence, 6q(S) = 6^1^(11). 

Remark The same type of Poincare duahty (exchanging q with q~^) holds 
for U{W, Z) , whenever Z is compact and U{W, Z) is a homology manifold. In 
other words, it holds provided that, for each T E 5, (ZtjOZt) is a compact 
homology manifold with boundary (see [12^ I14j). 

Corollary 14.2 ([9J) Suppose the nerve L of {W,S) is a GHS''~K Then 
the growth series of W is (—1)'^ -reciprocal, i.e., 

1 _ (-1)" 
W{q) ~ H^(q-l)' 

Proof Take the alternating sums of the dimensions on both sides of the equa- 
tion of Proposition 114.11 By Proposition 17. 4^ the left hand side gives Xq(^) 
and the right hand side (— l)"Xq-i(5^) • n 

The next result is proved in [27] as a corollary of Proposition 114. Il (It is also a 
consequence of Theorem 110.41 ) 

Corollary 14.3 ([27, Cor. 10.4]) Suppose the nerve L of {W, S) is a GHS''-\ 

(i) If q&TZ, then L^H,t{T,) is concentrated in dimension 0; moreover, 

LlHoi^) = As, 

where As is the representation of Rq[Ty] on R via the symmetric char- 
acter as of Definition \5.6[ 

(ii) If q £ 7^^^, then L'^TC^:{T,) is concentrated in dimension n and 

LlHniT.) ^ Hs, 

where Hs is the representation of Rq [W] on R via the alternating char- 
acter f3s of Definition 15.61 

Remark If L is a GHS'^-^, then (K,dK) is a GHD"^ where dK := . 
Since H^(K; Z/2) = 0, K is orientable. So, we can choose orientations for the 
n-simplices of K so that their sum is a relative cycle, ■ Its homology class 
[K] G Hn{K,dK) is the fundamental class of K. By Theorem[ial Lpini^) 
is spanned by [K]hs . (This was proved in [26j.) A representative for this class 
is obtained by taking the fundamental cycle and then harmonizing it to 
Cxhs- 
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Example 14.4 (dimL = 1.) Suppose L is a /c-gon. In other words, suppose 
we are given a Coxeter matrix on a set S , so that its nerve L is a circle and 
so that Card(S') = k. This means, first of all, that the 1-skeleton of L is a 
A;-gon. When k = 3, for L to be equal to its 1-skeleton, a further condition 
is needed. Suppose S = {si, 52,53}, rriij := mg^g. and aij := vr/mjj, where 
{i,j,k} = {1,2,3}. The condition is that ai2 + a23 + ai3 < tt- When this holds, 
the ly -action on S is isomorphic to the action of a group of isometrics on the 
Euclidean or hyperbolic plane generated by the reflections across the edges of 
a A:-gon. (The Euclidean case occurs only when A: = 4 and W is right-angled 
or when k = 3 and 012 + 023 + 013 = tt.) 

If q G 7^, then is concentrated in dimension 0; if q G TZ^^ , it 

is concentrated in dimension 2; if q ^ 7?. U TZ^^ , then it is concentrated in 
dimension 1 (since it vanishes in dimensions and 2). In each case, the nonzero 
Betti number is given by ±Xq. 

Corollary 14.5 Suppose that W is a Euclidean reflection group, i.e., that it 
can he represented as a coconipact group generated hy isometric reflections on 
R". Suppose further that q > 1. Then L1J-L^{T,) is concentrated in the top 
dimension, * = n. (It is if q = 1 . j 

Proof By Proposition 13. 10] (or Remark l3.1ip . when t is a single indeterminate, 
the reciprocal of the radius of convergence of W{t) is 1. It follows that {q | 
q > 1} C 

Since S ^ R", it follows from [H Theorem B] that L is a GHS''-^. In fact, 
L is a triangulation of S^~^ . (When (W, S) is irreducible, L is isomorphic 
to boundary complex of an n-simplex, by [5, Prop. 8, p. 90]; when it is not 
irreducible it is a join of such complexes.) So, the result is a consequence of the 
previous proposition. □ 

Combining this with Corollary [TSTTTl we get the following (known) result. 

Corollary 14.6 Suppose that X is a Euclidean building with a chamber tran- 
sitive automorphism group. Then its reduced -cohomology is concentrated 
in the top dimension. 
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A generalization of the Singer Conjecture Proposition 114.31 states that 
when L is a GHS"'^^, is concentrated in dimension for q £ TZ 

and in dimension n for q G TZ~^ . What about the intermediate range, q ^ 
TZUTZ^^l By Remark [7.6| in this range, LqHol^) = by Poincare duality, 
Lq'H„(S) = 0. For q = 1, L'^Ti.^{T,) is the ordinary reduced -homology 
7i^{T,) . In this case, the Singer Conjecture predicts that Ti.^.{T,) vanishes except 
in dimension ^ . There is considerable evidence for this version of the Singer 
Conjecture, at least in the case where {W, S) is right-angled. For example, it 
holds for n = dimE < 4 and, when L is a barycentric subdivision, for n = 6, 8. 
(See [2I1[22].) 

This suggests that the following generalization of the Singer Conjecture for 
Coxeter groups should hold for weighted -homology. 

Conjecture 14.7 (The Generalized Singer Conjecture) Suppose L is a 
GHS"-K If q < 1 and A; > f , then L\HkiT.) = 0. 

By Poincare duality, this is equivalent to the conjecture that if q > 1 and 
A; < §, then L\nk{'S) = 0. 

In Section [16] we prove Conjecture 114.71 (as Theorem 116. 13p in the case where 
W is right-angled and n < 4. 

To further simplify the discussion, suppose q = g, a single indeterminate. By 
Cor ollarv 114.21 the roots of Xq (= 1/^^(9)) are symmetric about 1, i.e., if q is 
a root, then so is ■ 

At one point, the following scenario (which is stronger than Conjecture 114. 7p 
seemed plausible: 

(a) Xq has exactly n positive real roots (counted with multiplicity) and 

(b) L'^7{^:{Ti) is always concentrated in a single dimension. The dimension 
jumps each time q passes a root of Xq the size of the jump is the 
multiplicity of the root. 

In fact, both (a) and (b) are false. Gal [30] has given counterexamples to (a) 
in dimensions > 6. We shall explain why (b) is false in dimensions n > 4 in 
Section [T7] below. 

15 Properties of weighted L^-homology in the right- 
angled case 

The usual L^-cohomology of E is the case q = 1. In |21j the first and fourth 
authors studied this case when (W, S) was right-angled. (Recall Definition ll3.2l 



70 



(W,S) is right-angled if nist = 2 or oo for all pairs {s,t} of distinct elements 
in S .) Much of [21] extends in a straightforward fashion from q = 1 to the 
case of a general q. The purpose of this section is to rewrite parts of [21| in 
the general case. 

If {W, S) is right-angled, then its nerve L is a flag complex. (A simplicial 
complex A is a flag complex if any finite set of vertices in A which are pairwise 
connected by edges span a simplex of A.) Conversely, given any finite flag 
complex L, there is a right-angled Coxeter group Wl with nerve L. (The set 
of generators S for Wl is the vertex set of L and mst = 2 if and only if {s,t} 
spans an edge of L.) For further explanations, see [121 [TBI [2T] . 

In this section, as well as in Sections [E] and dTJ all simplicial complexes will 
be flag complexes and all suhcomplexes will he full subcomplexes. Given a finite 
flag complex L, let be the complex on which Wl acts. As usual, q is 
an /-tuple of positive real numbers. For each i S N, we have a Hilbert A/q- 
module, Lq'Hi(Si) . Similarly, to each pair {L,A), we can associate the Hilbert 
AAq-module, Lln^{^L,WL^A) • 

We introduce some useful notation which reflects this situation. 
Notation 





= Llni{^L) \f^{L): = Lln\'LL) 


(15.1) 




= LlHiiWL^A) 


(15.2) 




= Llnii^L,WL^A) 


(15.3) 






(15.4) 


bl^{L,A) 


= dimM,mL,A)) 


(15.5) 






(15.6) 



The notation in (|15.2p and (|15.4p will not lead to confusion, since LqWj(VFLS^) 
is the induced representation from L'^7ii{'^A) and therefore, 6q(WLS^) = 
6q(S^), where the left hand side of this equation denotes a dimension cal- 
culated with respect to M^^Wl) while the right hand side is with respect to 

A/q(WOl). 

Basic algebraic topology The next theorem is a compilation of properties 
of i)f{L, A) which were proved in [21] for the case q = 1. 
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Theorem 15.1 (Compare [2T1 Section 7.2]) 

(a) (Exact sequence of the pair) The sequence 

is weakly exact. 

(b) (Excision) Let T be a set of vertices of A such that the open star of any 
vertex in T is contained in the interior of A . Then 

\j1{L,A)^ijf{L-T,A-T). 

(c) (Mayer- Vietoris sequence) Suppose L = LiU L2 and j4 = Li n L2 , where 
Li and L2 (and therefore, A) are fuU subconiplexes of L. Then 

-^t^f[A)^i)f{L,)(Bt^fiL2)^t)f{L)^ 

is weakly exact. 

(d) With Li, L2 and A as in (c), 

\^f{L,A)^l)f{L^,A)el^fiL2,A). 

(e) (The Kiinneth Formula: the Betti numbers of a join) 

6^(Li*L2)= Yl KiL,)V^{L2). 

i+j=k 

(f) (Atiyah's Formula) 

(g) (0 -dimensional homology, |27j ) 

'0 ifci^n, 



and 

b\{L) = for i > 0, neTZ. 

(h) (Pseudomanifolds, [261 Theorem 10.3]) Suppose L is a (n—l) -dimensional 
pseudomanifold. Then T,^ is an n -dimensional pseudomani fold and, since 
the 1 -skeleton of T,l is the Cayley graph of Wl , each component of the 
complement of codimension 2 skeleton of T,l is infinite. So, if q ^ TZ~^ , 
then 6q(L) = 0. ('If q G TZ^^ and in addition, L is orientable and the 
complement of its codimension 2-skeleton is connected, then b^^{L) = 
l/H^(q-l). 
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(i) (The empty set) Since S0 is a point, 




1 ifi = 0, 




(j) (A /c-simplex) Given a k-simplex a, = (22)*^+^ and = [-1, 1] 
Hence, for q = g, a single indeterminate: 



(k) (The Betti numbers of a disjoint union) Suppose L is the disjoint union 
of Li and L2. Then, for i>2, 



Proof Properties ((aj) through (jej) fohow from general principles as in [21j. 
Property (jj) is Proposition 17.41 Q is proved in Section [7] as Proposition I7.5t 
([h]) is proved in [26j (it also follows from Theorem I10.4p : properties (ji]) and 
^ are special cases of (jgj). Property (jk]) follows from (c) (the Mayer- Vietoris 
sequence); the last sentence of (jk]) follows after noting that Li n L2 = has 
nonzero Betti number, 60(0) = 1 and that, by (jgj) 6°(Li) = 6°(L2) =0. □ 

In the next proposition we assume that I is a singleton so that q is a single 
parameter q. We extend some simple calculations of |21] from q = 1 to the 
case where q is arbitrary. 

Proposition 15.2 (Compare [211 Section 7.3]) Suppose q = a positive 
real number. 

(a) (The Betti numbers of k points) Let denote the disjoint union of k 
points. If k >2, then 




b\{L) = b\{L^) + b\{L2). 



For q_(^nL,U Ul^ 



b\{L)=b\{L^)+h\{L2) + l. 
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In particular, 



^ ^ lO ifq>l, 



bliS')=bliP2) 



ifq<l, 

q-l 

1+g 



(b) (The Betti numbers of a suspension) The "suspension" of L is defined by 
SL:= S'^*L. Then 



ifq<l, 



msL) 



for all i. 

(c) (The boundary complex of an n-octahedron) Let 

0„ : = 5° * • • • * 5° . 



Then 



1+9 



if g < 1, 



[0 ifq>l, 
bg{On) =0, for 1 < i < n - 1 and for all q, 



ifq<l, 
ifq > 1. 



(d) (The Betti numbers of a cone) 

1 

g + 1 



l^+\CL,L) = r^V^{L). 

Moreover, the sequence of the pair {CL,L) breaks up into short exact 
sequences: 

^ i)l,iCL,L) ^ f)^(L) ^ f)?(CL) ^ 0. 



Proof Since Sp^, is 1 -dimensional, V'q{Pk) = for z > 1. By Theorem 115.1 tj gj) . 

f)^(Pfc) is concentrated in one dimension. Since Xq{Pk) = ^—^^^^^i the calcu- 
lation in (a) follows. 
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The calculations of Betti numbers in (b), (c) and (d) follows immediately from 
part (a) and Theorem 1 1 5 . 1 f [e]) . The proof of the last sentence of (d) is similar 
to [m Lemma 7.3.3]. ^1{L) means LlHiiJ^i x Za) (= L2?^i(SL) ® L2(Z2) ). 
i)f{CL) can be identified with the subspace L'^TiiCLi) (gi Ag, where s is the 
generator corresponding to the cone point. The map i)1{L) i)f{CL) is then 
identified with orthogonal projection onto this subspace. □ 



16 W is right-angled and L is a sphere 

In the right-angled case, Conjecture 114.71 can be attacked using the techniques 
of [21]. In this case, the arguments of |21] are sufficient to prove the conjecture 
for n < 4. We give the details below. 

Poincare duality If a pair (D, dD) of flag complexes is a generalized ho- 
mology disk, then S/j is a polyhedral homology manifold with boundary (its 
boundary being Wd'^bd)- Hence, it satisfies a relative version of Poincare 
duality. 



Proposition 16.1 (Compare [HI Section 7.4]) 



(i) If L is a GHS''-^, then b\{L) = b'^ZKL) . 

(ii) If {D, dD) is a GHD''-^ , then U^{D, dD) = IP^l {D) . 

(iii) If {D,dD) is a GHD"^^^ , then the homology and cohomology sequences 
of the pair (D, dD) are isomorphic under Poincare duahty in the sense 
that the foUowing diagram commutes up to sign, 



i}7+i{D,dD) 



WD) 



i)?iD) 



h?iD,dD) 



-'q ^ 



\)''-\[D,dD) 



\D) r^zi-'idD) 

where the vertical isomorphisms are given by Poincare duality 



Suppose that L = Di U D2 and M = Di f] D2 ■ Also suppose that L is a 
GHS'^--'^ and that {Di,M) and {D2,M) are GHD'^-'^'s. By Theorem HlHd), 
f)^_i (L,M) ^ f}'q_i(£)i,M) e [)'q_i(L»2,M). Similarly to Proposition (HHiii) , 
the homology Mayer- Vietoris sequence of L = Di U D2 is isomorphic, via 
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Poincare duality, to the exact sequence of the pair (L, M) in cohomology. In 
other words, the following diagram commutes up to sign. 



r n— i— 1 



cn— 1 



(M) 



i)lZl{Di,M)(Bi)l'l{D2,M) 



where the first row is the Mayer- Vietoris sequence, the second is the exact 
sequence of the pair and the vertical isomorphisms are given by Poincare duality. 
We record the special case of this where n = 2k + 1 and i = k as the following 
lemma. 



Lemma 16.2 (Compare [21j Lemma 7.4.6]) With hypotheses as above, sup- 



Ik +1. Then the map u ■ i^) 



f}? (L) induced by the 



pose n — -r -L . j-jicji ujjc may . i;^ yiv^ j ' i;^ 

inclusion is dual (under Poincare duality) to the connecting honiomorphism 
5* : f)^^-^(L) In the Mayer-Vietoris sequence. 



Proof In this special case, the previous diagram becomes the following: 



Vanishing Conjectures We now consider several conjectures, Ill(n), 
Ill'(n) and V(n), concerning the reduced Lq-homology of S^, where L is a 
generalized homology sphere. (The notation I(ra), Ill(n), V(n), is taken from 
[21]; the "n" refers to the dimension of T^i, so that dimL = n — 1.) 

I(n) If L is a GHS""-^ and q<l, then U^{L) = for i > n/2. 

Given {D,dD), a generalized homology disk, denote by D (or L) the GHS 
formed by gluing on C (dD) (the cone on dD ) to D along dD . If v denotes the 
cone point, then dD = Ly (the link of u in Z?) and C{dD) = CL^. Conversely, 
given a GHS , call it L , and a vertex v , we obtain a GHD , with D = L — v 
(the full subcomplex of L spanned by the vertices ^ v ) and with dD = . 

Next we consider a seemingly weaker version of 1(2/;; + 1) . 
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III(2A; + 1) Suppose {D,L^) is a GHD"^^ and D = D U CL^ as above. If 
q < 1, then, in the Mayer-Vietoris sequence, the map 

is a mononiorphism. 

By Lemma 116.2 1 III(2A; + 1) is equivalent to the following. 

III'(2A; + 1) Suppose {D,L^) is a GHD^^ and D = D U CL^ as above. If 
q > 1, then the map : f)^(Lt,) f)fc(^) > induced by the inclusion, is the zero 
homomorphism. 

The following is a stronger version of I(n) . 

V(n) Suppose L is a GHS^^^ and A is any fuU subcomplex. 

• If n = 2k is even and q < 1, then bl^{L, A) = for all i > k. 

• If n = 2k + 1 is odd and q < 1 , then 6q(A) = for aU i> k. 

By [26], 1(1) and 1(2) hold. 

Next we list some obvious implications among these conjectures. 

Lemma 16.3 (Compare [21, Section 8]) 

(a) I(2A: + 1) =^ III(2A; + 1). 

(b) V(n) =^ I(n) 

(c) \'{2k) implies that for any full subcomplex A of L (a GHS'^'^^^ ), we 
have 

bi^{A) = for all i> k and q < 1 . 

Proof (a) is obvious: if I{2k + 1) holds, then the i)'^{L) terms in the Mayer- 
Vietoris sequence all vanish, so the map © /i* in III(2A; + 1) is a weak 
isomorphism. 

(b) If n = 2k, take ^ = to get b\{L) = for i > /c. If n = 2A; + 1, take 
^ = L, to get 6jj(L) = for i > A;. 

(c) Assume V(2A;) holds. By (b), 6q(-L) = for i > k. Hence, in the exact 
sequence of the pair, 

t^l^{L,A)^t^f{A)^i)f{L), 
the first and third terms vanish for all i > A;. □ 
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Lemma 16.4 III(2A: + 1) 



111(2/ + 1) for all l<k. 



Proof The proof is the same as in |2H 8.8.1 on p. 41]. Suppose {D^L^) is a 
GHD^^ , with I < k. Let A be the join oi k — l copies of an m-gon, m > 5 and 
assign to ^ a thickness vector q = 1. If 111(2/ + 1) fails for D , then III(2A; + 1) 
fails for D * A (the join of D and A). □ 



Inductive Arguments We describe the program of t21j for proving Con- 
jecture V(?7-) . The idea is to use a double induction: first, induction on the 
dimension n and second, depending on the parity of n, induction either on the 
number of vertices of A or on the number of vertices va. L — A. In this section 
we always assume q < 1 . 

As in [21], we set up some notation for the induction on the number of vertices. 
Suppose A and B are full subcomplexes of L , the vertex sets of which differ by 
only one element, say v. In other words, B = A — v , for some v G S^^^{A). Let 
A^ and denote the link of v in A and L, respectively. Thus, A = BuCAy 
and CAynB = Ay. We note that is a GHS of one less dimension than L 
and that A^ is a full subcomplex of . 

Lemma 16.5 (Compare ^ Lemma 9.2.1]) Y{2k - 1) ^ V{2k). 

Proof Suppose V(2A:-1) holds. Let {L,A) be as in V(2/c) and let B = A-v. 
Assume, by induction on the number of vertices in L — A, that V(2A;) holds 
for (L, A) . (The case A = L being trivial.) We want to prove it also holds for 
{L,B), i.e., that h\^{L,B) = Q ioi i > k. Consider the exact sequence of the 
triple {L,A,B): 

^^'l{A,B)^\^'l{L,B)^\^'l{L,A)^. 

Suppose i > k. By inductive hypothesis, 6q(L,^) = 0. By excision (Theo- 
remdSD^b)), bi^{A, B) = bi^{CAy,A^). By Theorem ISU^e) , 

b\{CAy,Ay) = ^^b^HA.). 

Since V(2A; — 1) holds for (Ly^A^) and since i — 1 > k — 1, b^~^{Ay) = 0. So, 
= b\{CAy,Ay) = b\{A, B) . Consequently, 6*q(L, B) =0. □ 

Essentially the same argument proves the following lemma. 
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Lemma 16.6 (Compare [21, Lemma 9.2.2]) Assume that V(2A;) holds. Sup- 
pose that a Bag complex L is a polyhedral homology manifold of dimension 2k 
and that A is a full subcomplex. Then bl^{L, A) = for i > k + land q < 1. 

Proof We proceed as in the previous proof. If B = A — v , then 
b\{A,B) = bl^{CA,,A,) = -^b^\A,). 

bmce we are assuming V{2k) holds, Lemma inSJc) imphes that ftjj^HA) = 
for i > k + 1. Hence, if we assume by induction that the lemma holds for 
(L, A) , then it also holds for (L, B) . □ 

Lemma 16.7 (Compare [211 Lemma 9.2.3]) [V(2/c) and IU{2k + I)] =^ 
Y{2k + 1). 

Proof Assume V{2k) and III(2fc + 1) hold. Let (L, A) be as in V{2k + 1) 
and let B = A — v . Assume, by induction on the number of vertices in B , that 
V(2/c + 1) holds for B . (The case B = (/> being trivial.) We want to prove that 
it also holds for A, i.e., that 6q(j4) = for i > k. 

First suppose that i > k + 1. Consider the Mayer- Vietoris sequence for A = 
BUCA^: 

tjf(B)®i)fiCA,)^i)^iA)^i)l,iA,). 

By V(2A;) and Lemma llG.SI fc). bl^^{Ay) = (since i — 1 > k) and hence, 
U^{CAy) = (by Theorem 115.1( c)). By inductive hypothesis, b\^{B) = 0, and 
consequently, b\^{A) = 0. 

For i = k + 1, we compare the Mayer- Vietoris sequence of A = B U CA^ with 
that of L = DU CL^ (where D = L - v): 

> ^ f)fc(A) ^ 0^(5) e [)^(c^.) 

By V(2fc), 6^+i(L^,^„) = 0; hence, /* is injective. By III(2A; + 1), © is 
injective. Hence, © h'^ is injective and therefore, b^^{A) =0. □ 
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One of the main results of [2lj has the following analog. 

Theorem 16.8 (Compare fIT\ Theorem 9.3.1]) Statement III{2k—l) implies 
that V(n) holds for all n <2k. 

Proof By Lemma[1631 III(2A;-1) implies III(2Z-1), for alll <k. Suppose, 
by induction on n, that V(n — 1) holds for some n < 2k. If n — 1 is odd, then 
by Lemma [16.5| V(n — 1) implies V(n) . If n — 1 is even, then by Lemma [16.7t 
V(n — 1) and Ill(n) imply V(?7-). □ 



The conjecture in dimension 3 We begin with a discussion of triangula- 
tions of S'^ . (Details can be found in \TP, Section 10.2].) 

For j = 1,2, suppose that Lj is a flag triangulation of 5^ and that Sj is a 
vertex of valence 4 in Lj . Choose an identification of the link of si with that 
of S2- (They are both 4-gons.) Define a new triangulation Li\I\L2 of S'^ by 
gluing together the 2-disks Li — si and L2 — S2 along their boundaries. 

Conversely, suppose C is an empty 4-circuit in L. Then C separates L into 
two 2-disks, Di and D2. Let Li and L2 denote the result of capping off 
Di and D2, respectively (where "capping off" means adjoining a cone on the 
boundary). Then L = LidL2. 

Lemma 16.9 (Compare [SU Lemma 10.2.7]) For q < 1, h\{LiUL2) = 
h\{L,) + h\{L2). 

Proof This follows from the Mayer- Vietoris sequence and Proposition 1 1 5 . 2T c) . 

□ 

Andreev [li |2j determined the possible fundamental polytopes for any reflec- 
tion group on of cofinite volume. The right-angled case of the Andreev's 
Theorem is the following. 

Theorem 16.10 (Andreev's Theorem) Suppose that L is a Bag triangulation 
of 5^ and that 

(i) L has no empty A-circuits, and 

(a) L is not the suspension of a 4- or 5-gon. 
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Let T denote the set of valence 4 vertices of L and let K[g_rp-^ be the dual 
of the cellulation [S — T] of S'^ obtained by replacing stars of vertices of T 
by square cells. Then K[g_rp] can be realized as an ideal, right-angled convex 
polytope in . (The ideal vertices correspond to the square faces of [S — T], 
i.e., to the vertices of valence 4 in S .) The resulting hyperbolic reflection group 
is the right-angled Coxeter group Ws-t ■ 

Next we show that III'(3) is true for right-angled reflection groups on H^. 



Equidistant hypersurfaces Suppose a Coxeter group W acts by reflections 
on hyperbolic {2k + 1) -space H^'^"*"^ with a fundamental polytope K of finite 
volume. 

Let H^'^ be a waU. We claim that the map LlHtiil^'') ^ LlUki'll'^''^^) , 
induced by inclusion, is the zero map for q > 1 . 

'2 



Our argument uses weighted L -de Rham cohomology theory. We will show 



that the map L'ifi'' (tP'^^^) L'iT& {il^^) , induced by restriction of forms, is 



the zero map. To define these terms we first need a "weight function" on H^*"'"^^ 
which we can then use to define a new inner product on the vector space C°° 
j-forms on H^'^^^. 

Given any measurable nonnegative function / : //^fe+i _^ ^ ^j^g 

modify the volume form on H^'^^^ by multiplying by / and then define a new 
norm on C°° j -forms u by 



\lf{p) dV, 



M}= 1'-"^ 

where \\u!\\p denotes the pointwise norm. \\io\\f is called the L^-norm of uj. 

Let K he a fundamental polytope for W on H^'^+^ . As usual, q is an /-tuple 
of positive real numbers. For any point p in H^*""^^, put f{p) = when 
p £ wK . Of course, this expression is ambiguous for p S wdK. Nevertheless, 
choose some convention to remove the ambiguity, for example, that w is the 
element of minimum word length with p G wK . Then / is the word length 
weight function on H^'^^^ . It is a sort of step function in that it is constant on 
the interior of each chamber. 



When K is compact, the arguments of |25j go through to show that the cellu- 
lar weighted -cohomology of S can be calculated using weighted de Rham 
cohomology, i.e.. 
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where the right hand side is defined using forms with / the word length 
weight function defined above. When K is not compact but has finite volume 
we can reach the same conclusion by using [lOj. 

Next let H^'^ be a supporting wall of K (i.e., H^'^ is a wall determined by a 
codimension one face of K). Put coordinates (x,y) on H^'^"'"^ by letting y G R 
be the oriented distance from p to the nearest point x G H^'^. Let Ny be the 
hypersurface in H^^^^^ consisting of the points of (oriented) distance y from 
H^'^ . Let Py : Ny H^^ be the projection which takes a point in Ny to the 
closest point in H^^ . Then py is a homothety. Let 4)y : H^*^ — > Ny be its 
inverse. Also, let i : H^'"' n^k+i . jVj^ _> n'ik+i ^.j^g inclusions. 

Thus, i and iy o (py are properly homotopic. 

Let g{x,y) = /(x,0). Note that f{x,y) > g{x,y). 

Let u; be a closed Lj-A;-form on H^'^"'"^. We claim that the restriction i*{uj) 
of uj to H^'^ represents the zero class in reduced L^-cohomology. Suppose, 
to the contrary, that [i*(ci-')] 7^ 0. Then ||i*(a;)||g > ||[i*(w)]||g > 0, where 
II [i*(u;)] llg denotes the norm of the harmonic representative of the cohomology 
class [^*(u;)] . Since (py is a conformal diffeomorphism, it follows that it preserves 
norms of middle-dimensional forms: ||0y(iy(i^)||g = ||^^(i^)||g- Since i and iyO(f)y 
are properly homotopic, [<^y(«y(w)] = [i*(a;)], so it follows that ||iy(w)||g > 
II [i*(u;)] llg . Now, since iy{<jj) is just a restriction of w, we have a pointwise 
inequality || 

'^llx ^ INy('^)ll2^' Therefore, using Fubini's Theorem, we obtain 
ll'^llg = / \\^\\l9{x,y)dV = j / \\uj\\lg{x,y)dAdy > 

yH2fc+i JNy 

[ [ |K*(a;)||25(x,y)dAd2/= / ||i;(a;)||2dy > /||[r(^)]||2ds = oo. 

Since ||a;||j > ||u;||g, this contradicts our assumption that the L^-norm of u is 
finite and thereby completes the proof. 

In dimension 3 we get the following. 

Theorem 16.11 Suppose that L is a Bag triangulation of S'^ satisfying the 
conditions of the Andreev's Theorem. Then III' (3) is true for L. 

Proof li V eT, then, by Proposition HS^Ic), 6q(L„) = so III'(3) is auto- 
matic. If f r, then the result follows from the Andreev's Theorem and the 
previous paragraphs. □ 
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Theorem 16.12 

complex, then 



1(3) is true: if L is a triangulation of the 2-sphere as a flag 
6jj(L) = for i > 1 and q < 1 . 



Proof If L is the suspension of a 4- or 5-gon, then the theorem fohows from 
Proposition 115.2( b). If L is not the suspension of a 4-gon or a 5-gon and 
if it has no empty 4-circuits, then the theorem fohows from Theorem 116. 11|, 
Lemma UnZl and the fact that 1(2) holds ([26]). 

In every other case, L has an empty 4-circuit which we can use to decompose 
it as, L = Li\I\L2, as before. Since Li and L2 each have fewer vertices than 
does L, this process must eventually terminate. So, the theorem follows from 
Lemma 116.91 □ 

Since 1(3) is true. Theorem 116.81 (together with Lemma 116.3( a)) yields the 
following. 

Theorem 16.13 (Compare [211 Theorem 11.1.1]) V(n) is true for n < 4. 

If L is a flag triangulation of , then V(4), Poincare duality and |27j imply: 
for q G 7^, i)^{L) is concentrated in dimension 0, 
for q < 1 and q ^ 7^, f)^(i) is concentrated in dimensions 1 and 2, 
for q > 1 and q ^ TZ^^ , i)^{L) is concentrated in dimensions 2 and 3, 
for q G TZ^^ , f)^(L) is concentrated in dimension 4. 

17 Failure of concentration in the intermediate range 

In this section / is a singleton (so that g is a single parameter) and W is 
right-angled. We retain the notation and conventions of Section [151 

The /i-polynomial Combinatorialists have associated two polynomials to a 
finite simplicial complex L: its "/-polynomial," /L(i), audits "/i-polynomial," 
hL{t). The first is defined by 



n 




(17.1) 



T&S{L) 



i=0 
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where fm is the number of m-simpHces of L, /_i = 1 and dimL = n — 1. The 
second one is defined by 

hUt):={l-trfL[j^y (17.2) 
If a Coxeter system {W,S) is right-angled, then for each spherical subset T, 

Wt = (Z/2)Ca'-d(T)_ ^ (1 ^^)Card{T)_ jj^^^^g^ 

-j^ / 1 \ Card{T) ^ / t \ ^^^'^('^^ 

and . = ( ) . (17.3) 



Writ) \l + tj Writ-^) \l + t 

Proposition 17.1 Suppose (W, S) is a right-angled Coxeter system and that 
its nerve L is (n — 1) -dimensional. Then 

1 hLi-t) 



W{t) (1 + t)" 
Proof By Lemma [33] (Hv]) and (pTSj) . 

W{t) ^VFT(t-i) ^U + i 

-t \ hLi-t) 



l + tj (l + t) 



In the next proposition we record some properties of hiit). 

Proposition 17.2 Suppose L is a GHS"^~^. Let hL{t) = Y^hif be its h- 
polynomial. Then 

(i) Hl is a polynomial of degree n. The constant term ho is 1. 

(ii) hiit) = t"/ii(t^-'^) . (This means that the coefRcient sequence {ho, . . . , h^) 
is palindromic. It also implies that t — > is a symmetry of the set of 
roots of hi.) 

(iii) Each hi>0. 

(iv) If L is also assumed to be 3 -dimensional and a flag complex, then all four 
roots of hiit) are real. 

Statements (i),(ii) and (iii) are well-known; proofs can be found in [7]. State- 
ment (iv) is proved in [3]. We give a simple argument for it below. 
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Proof of (iv) Put h{t) = hii-t). By Proposition [mi l/Wiit) = h{t)/{l + 
t)"-. The Flag Complex Conjecture is that for n-1 = 2k-l, > 0, 

i.e., {—l)''h{l) > 0. (See [21], [E].) Let p be the radius of convergence of 
Wiit). By Lemma [3^ p is a root of h and it is the smallest root in absolute 
value. By (ii), is also a root of h and it is the largest in absolute value. 

Now suppose dimL = 3. To prove (iv), it suffices to show the four roots of 
h are positive reals. The Flag Complex Conjecture is known to hold in this 
dimension (by [21]), i.e., h{l) > 0. We know that p and p~^ are roots and also 
that h{t) > for t G [0,p) or t G (p~^,oo). If the other two roots of h don't 
lie in [p, p~^] , then h must be negative on that interval, contradicting the fact 
that ^(1) > 0. □ 

For any full subcomplex ^ of L, set := p~^^, where, as before, pA is the 
radius of convergence of WA(t) . Since Wa is a subgroup of Wl, Pa > PL] 
hence, rA < r^. 

Next, suppose that M is a GHS^~^ and a full subcomplex of L (so, M is a 
homology submanifold of codimension one in L). Then M separates L into 
two generalized homology (n — 1) -disks, say, A and B. Thus, dA = dB = M 
and L = Au B . Let CM denote the cone on M . Let A (resp. B) denote the 
result of gluing CM onto A (resp. B) along M . 

Lemma 17.3 With hypotheses as above, suppose q < min{ri, r^, rg} and 
q> tm- Then 

6rH^)>^&r'(M)>o. 

Proof Since g > 1, by Proposition 115. 2l fdl. we have 

h\{CM) = 60(point)6^-(^) = (17-4) 

By Remark [Ml since q < tl, f)^(L) = f)^(L) = 0. By Proposition [1431 
since q > tm-, hk(^) = for A: / n — 1. Hence, the Mayer- Vietoris sequence 
(Theorem 115. If c)) for L = Au B gives a weakly exact sequence: 

0^ i)l_,{A)®^l-iiB)^ (]^i(L)-^0. 

b^HL) = b-,-HA) + b^-\B) - h-,-\M). (17.5) 
A similar Mayer- Vietoris sequence for A = AU CM gives 

b^'HA) = b^-\A) + (CM) - 6r^M), 
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which we rewrite as 



brHA) + j^b-,~\M), (17.6) 



where the second equahty is from (jl7.4p . Similarly, 

6^-1(5) = b-g-HB) + ^6^-i(M), (17.7) 

Combining pT3|) . pTUj) and (fTTTl) . we get 

6^-i(L) = 6^-1(1) + ^6^-i(M) + b^~\B) + ^6--i(M) - ^^^(M) 

= 6^-1(1) + 6r^(^) + [^6^-i(M) 

where the last inequality holds because g > 1 and 6^^^(M) > (since q > 
tm)- □ 

Lemma 17.4 (Failure of concentration in dimension 4) Suppose that L is a 
triangulation of as a flag complex, tliat a full subcomplex M is isomorphic 
to the boundary complex of an octahedron and that M divides L into two 
3-disks A and B nontrivially, i.e., neither A nor B is a cone on M . Suppose 
further that Xi(-^) 7^ 0- Let p be the second largest root of hL{—t), and let 
r = min{p, r^, r^} . Then r > 1 and for 1 < q < r , bg{L) and bg{L) are both 
nonzero. 



Proof We want to use Lemma 117.31 for n = 4. Since Wm is the product of 3 
copies of the infinite dihedral group, its growth series is given by 




So, pM = 1 = 'TM • 

Suppose r^ = 1. Then = 1 and by Proposition 13. 101 splits as Wq x Wi , 
where Wq is a Euclidean reflection group and Wi is finite. Since M = dA, 
the only possibility is Wq = Wm and Wi = Z/2, i.e., A = CM, which we 
have ruled out by hypothesis. Similarly, for B. Thus, min{r^, r^^} > 1. Since 
Xi(L) 7^ 0, p 7^ 1 and by [21], Xi(-^) > 0- So, Xq{L) is positive on the interval 
{p~^,p) and therefore, also on the subinterval {l,r). 
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By Lemma 117.31 for 1 < q < mm{rL,r^,rg} , h^{L) > 0. On the interval 
we have h'^{L) = = h^q{L) as well as Xgil^) > this forces 
bg{L) > 0. Therefore, for 1 < q < r, i}1{L) is nonzero in dimensions 2 and 
3. □ 

Example 17.5 (Existence). Here we show that there is a flag triangulation 
L of together with a full subcomplex M C -L so that the conditions of 
Lemma 117.41 are satisfied. Let Pm denote an m-gon (i.e., a triangulation of 
with m vertices). Let Ii denote the triangulation of an interval with I 
vertices. Let Ak^m denote a triangulation of the annulus x [0, 1] such that 
its two boundary components are Pk and Pm and such that there are no interior 
vertices. (This does not determine the triangulation, but it does determine the 
number of i-simplices in Ak^m for i = 0, 1, 2.) Form the suspension SAk^m '■ = 

* Ak^m- It has two boundary components: SPk and SPm- Fill in SPm with 

* Pm to get a triangulation A of , i.e., 

A : = SAk^rn U5P„ (h * Pm)- 

If /c = 4 , then dA = SP4 , which is the boundary complex M of an octahedron. 
Hence, we can double A along its boundary to get a triangulation L of 5^ (so, 
B = A). 

By Theorem [I5l](f), 



W{q) '"-yi + q. 

where fi was defined in (|17.ip . This formula is the basic method used for 
computing Euler characteristics. It gives 

mq mq^ 1 — (m — 2)q + q^ 

Xq{Pm) = 1 - 7— — r + 



Xgih) = 1 - 7-^ + 



(l + q) (l + <7)2 (1 + 

Aq 3q^ 1 - 2q 



(l + q) (1 + ^)2 (l + q) 



2 • 



We compute the number of simplices in A^^m ■ Each triangle of A^^m has exactly 
one of its edges on the boundary and each interior edge is on the boundary of 
two triangles. Hence, there are k + m triangles in A^^m and k -\- m interior 
edges. So, /o(^fc,m) = k + m, /i(^fc,m) = 2(A; + m) , /2(Afc,m) = k + m and 

{k + m)q 2{k + m)q^ {k + m)q^ 

Xq{Ak,m) - - (1 + ^) + (1+^)2 {iTW 

= (1 - (fc + m - 3)g + 3g2 + q^)/{l + ^)3. 
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Therefore, 

1 — q 

XqiSAk^rn) = Xq{S^)Xq{Ak,m) = Y:p^Xg(^fc,m) 

= {1- {k + m-2)q + {k + m)q^ - 2q^ - q^)/{l + qf , 

Xq{h * Pm) = Xq{h)Xq{Pm) 

= {l-mq+ (2m - 2,)q^ - 2q^)/{l + g)^ 

XqiSPm) = Xq{S'')Xq{Pm) 

= (1 - (m - 2)q + (m - 2)^^ _ q^)/{l + q)^ 

So, 

Xq{A) = Xq{SAk,m) + Xq{h * Pm) " Xq{SPm) 

= {l-{k + m)q +{k + 3m- 3)q^ - (m + 2)q^)/{l + q)^ 
Taking A; = 4, Xg(^) = {1 - {m + 4)q + {3m+l)q'^ - {m + 2)q^)/{l + q)'^ ; hence, 

= (1 - (m + 5)q + (3m + 4)^2 _ + 5)^3 ^ ^4^/^-^ ^ ^)4_ 
When m = 10, the numerator is 

h^{-q) = l-15q + 34^2 _ 15^3 ^ ^4^ 

which has roots .08, .48, 2.10 and 12.34 (rounded off to two decimal places). 
Similarly, 

Xq{L) = 2xg(A) - Xq{M) = (1 - 2Qq + Q2q^ - 26q^ + q^)/{l + q)\ 

which has roots .04, .48, 2.08 and 23.40. So, the numbers in Lemma 117.41 are 
= = 12.34 and r = p = 2.08. In particular, since r > 2, the right-angled 
building with q = 2 has nonvanishing -homology in dimensions 2 and 3. 

18 Remarks about other groups 

Suppose r is a countable discrete group and | | is a "norm" on it, i.e., | | is a 
function from T to [0, oo) such that |a/3| < |a| -|- |/?| . For example, | | might be 
defined by I7I = /(7) where I : F ^ Z is word length with respect to a finite 
set of generators S . Suppose further that F acts properly and cellularly on a 
CW complex X and that a subcomplex D C X is a "fundamental domain" in 
the sense that it contains at least one cell from each F -orbit of cells. Given a 
cell a d X , define d{a), its distance from D, by d{a) : = min{Z(7) | a C 7-D}. 
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As before, given a positive real number q, define an inner product ( , )q on 
R(^) by (e^,ey)g := q^"'^6yY . Let L'^{T,\ |) be its completion. Similarly, 
define an inner product on compactly supported cellular i-cochains, C*(X), 
by {erj,eu')q ■ = q^'^'^^S^^a' and let LgC*(X) be its completion. Using the usual 
coboundary operator 5, we get the weighted -cohomology spaces, L'^H*{X). 
Let denote the adjoint of 5 : L^C'-^iX) LlC\X) . The give us a 
chain complex and allow us to define the weighted L^-homology, L'^H^{X). 

The infinite sum 

r(t):=^tH. 

7er 

converges for t in a some neighborhood of in [0,oo). r(t) is the growth 
function of (T, | |). It is a power series if | | is integer- valued (e.g., if it is given 
by a word length). Let TZ be the region of convergence of T(t). Suppose X 
is connected. The argument in the proof of Proposition 17.51 shows that any 
0-cocycle is constant and that if q £ TZ, the only constant which is square 
summable is 0. Hence, L^H^iX) ^ R if g G 7^ and is if g ^ 7^. 

r acts on these vector spaces; however, it does not act via isometries. 

The usual boundary map d gives us a different chain complex structure (on the 
same underlying Hilbert spaces LgC*(X)). 

As in Lemma 17.11 we have the isometry 6 : L'^Ci{X) — > Ly^Ci{X) defined 

by Co- q'^^'^^Ccr intertwines d'^ with d. Hence, it induces an isomorphism 
: H,{LlC4X),d) ^ Lj^^H^X). 

As in Remark 17.21 we have natural inclusions of cochain complexes: 

Ci{X) ^ LlC'iX) ^ C\X). 
There is also a version for chain complexes (using ordinary boundary map, d): 

a{X) ^ LldiX) ^ C'/{X), 

where {X) denotes the infinite cellular chains on X . Using the isometry 6, 
we get a monomorphism of chain complexes 

Q{X) ^ Ll/^a{X)^Lla{X), (18.1) 

where the boundary maps in the first two terms are the usual ones and where 
the boundary map in the third term is d'' . We then have the following version 
of Theorem dlTj 
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Conjecture 18.1 

(i) For q £ TZ, the canonical map LgW{X) ff*(X;R) is a monomor- 
phism. Moreover, the map Hi{X L'^Hi{X), induced by ilS.l]) . is 
a monomorphism with dense image. 

(ii) For € TZ, the canonical map -ff*(X;R) — > L'^W{X) is a monomor- 
phism with dense image. 

Quite possibly it will be necessary to add more hypotheses for this conjecture to 
be true. For example, we might need to assume that the F-action is cocompact 
and that the norm is given by a word length with respect to a set of generators 
induced by the choice of fundamental domain D . 

The missing feature from this picture is that for a general group T there is no 
analog of the Hecke algebra and no analog of the Hecke - von Neumann algebra 
Mq ■ So, in the general situation we don't know how to define "dimension" and 
we don't have weighted L^-Betti numbers. Nevertheless, in some situations it is 
still possible to assign a "dimension" to these weighted L^-cohomology spaces 
and obtain weighted L^-Betti numbers. The condition that is needed for these 
numbers to be well-defined is that the F-action on X has a strict fundamental 
domain. 
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